(jjall fj* o*— *W (M* OW^'JU**-*^' A^^uusj ail erl^j < J^-u> AL-jJ 

i JljJdJ (tOi-AJtj <,H*Wl) <*±aJL? <>»l^Jlj J-^LoiJI uj^" f*^* 1 

^- Uv. ^ ul« J_S! i-^L. <>c 1 ' . ol y 61 * < I ^ t l finWi Sj^gJ 
JJS1 jl j^JLMgJLx^ t ^ < j^^l^a^ 

Functionals oLJtoJI t^-uu U Lijjt* o^bbj-H J jlva t £h» ^ uL-wLjI 

j'Mj^"''" (»jJilt (>%( uiVjU-. jl «U.»Ul*) t/jLiH^I Joj^JI 

^iyl JUcV(j»\A>r-^Vn) ^l^tf^-j^l 4^ Ojuj < fWn H« JL>dt Cia 





(vL^ll c^bb^fl J^d^JI g^l Ijl^J Little r,^u»S <y_J|j t ljIjo^I v I 
J-*3 J^i ^ju^aJI pjJai\ ^f.j3 JTj^l 4_4l&,j Joj+A ,~ -» j frU^jAMj 

< (^aoi - j»u. t) tH^»L-^ « o^uvij < (j»urr - jovoy) jjl^j -y v 
* (Control Theory) ,»^l_M 4_jpu j>h £, (^a^v -\a\o) ^\ ^ 

• er^VI (*S^UJ Ajjj^ucJI Joj^l jboljjtwSL^iJI JIjj 
4_*lLa ^ {?> <U1 £±jl±jX\ la_a> 4t->j ,hj ^jLaJI JL-jc£Uj 

Ija^;. JL^ll 4. ^UtUb t-^s* J) i^ULJI Ot_di=j CiU^L»J| 
JSUt* Oa^utj L^uat^jC)LJ|jJI L^l4 JjVt LUjLu Jju^afl 4^*, ^ i^jJI £-^bl>ai 

jLmi 4->^> ^ l^jjl>ji A^ j^rn j > joJuJi ui< (mr- j»uno) ^u^u ^^ijj-aiij 

-jJLyt 4JiU« ^>WI OVUkJI ^aju ^jUJI J_ua^JI 2L LJjLuj t ^ 
<>j mSijJI 4iLuiXlj MdUkU O^ULSu u|j uLJIjuj u| «"M J*. i - .^ t^JLUI J .^.^n 





(j rt » i 4-t«lj.aj <J jy^L>- _ j^ULaLik 4_JjLl« JjULL^ilj till j^.»lU,I aj_jag ljLJIjuJI ^ 

ij^tn 3 ) pj£ ±£>-jS 4 jfr l £J tj Ajjj^aJI Joj^uJI <Lui(jjJ ^j^aLjJI J-*~At| j^-^-^j 
J^LaVI |«SL>uJI ££.sL^a jj_£.V1 J ir-iiiTt 4- LJjLljj < jj^l^Li ^yj^sb. j jlLoJ ,^4 
irt^Yl (q^-Hl U 4jjjj_uall tlsj^uJIj I gll rtj jlnlj jLg-Li aa^US ^1 AJLuXI icLcus ^j^a 

4^>.y Jjt^oj < LLjjJIj p^ j-y UU>. j| ^jlLo)! ^^LlJI <d}| jrdjL* 



v... 
\r.. 

SA- 
IL 

n 



n 



CUIIjlU (JI^uiaJI (»±2JI • T- > 

i^Jl^ 1 J^' : JG=— 

Ui> Ui 



n ^i^v-jj^r^u*^*^**^^- 1 



r'^JL^iVF Coital it 

y'jL^Ula^ FiJUJtCiil^a bl:Iz_ 

F = F(jc,/) cul£*liti_L_ 



F = F (>- , /) £u\*=V*±^ 



- r 



- r 



^ Ltl j ■ ' Sjua^OUlbit T 



4^31211 ^ ^ V c^u ^t- r- r 

tT J 

iM^.^^ijtiiiai^.qfta^^O^bV^,! 

M " 



•5 




y A L ..x.\i aJLuXIj a-sO-LU ui!>L*i£j Ct\i cjLJtJu Ot jjJOll J_»Lu_/» : lUtill J*»-tfl 



•jo i j~i ^ , .L, - ; ^ ^■-■^j »-~ « Lj^L*Ua C»li ljLJI jlj £>Ijx»jlTI J->L-->i : \- T 

V. <U.m£jJt -ULall t T- r 

• ud) 1 ^ 

A\ 4^>»«i«ualjli1 ^L^tiliOljjJuJt JSL_v»: ^1^1 J--*--! t 

4^a^cj1jl»l^l^y[y]^!aUO»jjiiJI JSU^i^J. 

A\ -^g-tj-i" *■ ^* ■ ^ (_pLu.lt i W»r ni l :V V t 

^i^Vt c pi-^^>»^U-iiA J[y] ^i^^ w>JtoUi-Kjih T- i- t 

AO US. ^' ' 4 ^ 

^. Ct\jjJuX\ 3jljJ-&-jLJU : Y- i 

^ .(^jjisL*. — j^SJULfcAJjLMtf^^ 

^ ,Y i t m" i j M 

^ .f ^^^3^1 j >; ^tOLJfc>«*i* ( wit-oul : V t- t 

\ »V pjLaSS £)\ i*i-> i * i 4 y\ iii SIV :T— t- t 

^ <Lo-=aJlJoaw^rt :r- t- t 

m U-U 1 ^ 

>W j ^st l j^xaU «L4LCIIj«Lyj>i---II Jajj-UI : <_>-.-« L»J I J_wa.il I 

^ W J" 1 **** ^.jA* ^~ 

^ y ^jjfsaU. Jajy-S ; T- 

\r> o^s^j^ J**-* 5 y- 

uo 



I 

JL«VI ,»SL>^ai : ^jUJI Jj-mJI 

HA L^^1511Tlj^jii^"^J^I^^1Jajijj^tt,,,ti ^Al ^- ^ 

t^l^JM^iaaJ^^Uli^VlfldtAU : t - % 

W (Ji-»VI ,»SL>CLU Ajj^uaJ] Jaj^uJI • f- 1 

nr i^l rtj ihl ^^ajj^^aaita^all^afeia : t- 1 

nA 

w " fc*!* 

y VT (Symbols) pi joj j 



L$£Ujl oLJIjJI uojjLaj JjVl 2L LJjLj ojJu J t0-& 

oU«T! i^ljj ^iUJI i- LJjLuj <u»l JjL^. £f$j| .U.... I Cy i c , <Oi*|j 



.uil jjiUI JJLul* Jau^ulj uLJI ail ^ 



. (Functional) ^b J : F R AJIall , 



a 

a 

J[y(x)] = lF[x,y(x),y^\x),...,y^)dx 
a 

b 

J[y X ,-,y„ ] =\F[x,y x ,y 2 ,...,y n ,y' l ,y' 2 ,...,y' n ]dx 
a 



T 



UJ-? ' j:>L*-XI 't-i y= y{x) u ;> .. U (Arc Length) JjJo 

a 



» Y- 1- ^ ,m« 

tjJb J^»j (j-Ux '.^l * 4.aotj z = z(jc,j>) wU ,„t S a : ^u ... ,„ - jj| 

* • < S : F -> R <jV LuxjI 



<S[z(x,>0] = jjJl + 
Z) 







( 'a A 
oz 




+ 




[dx) 







2 



dxdy 



iSj-u*23\ fM-ail oru^u J^_I» 4_u<tjaj ,»2-$j jjVi Tl ■ • j| 

^ U-ij « (Variation Problems) c»l joiUi JJL^. < u>LJ|jdl ^-^ \ 

(The Geodesies Problems: 

*a_AiLj <(> £^,j > j s j_ii J i xy^^ir^B (b,d) , A(a,c) o^i-uai 



L[y(x)] = l^\ + ()>\x)j z dx 
a 



Z= j^jl + y' 2 +z' 2 dx 
a 

( Isoperimetric Problem UL** ) : t- ^- \ 



1= | 



ox 



+ 



K dtj 



dt 



( Brachistochrone Q^jj^i) <yl»»l*aiL«* ) « •- >- * J^* 

.4(0,0) ^^\^\os^^^^^'^^^^^^^^^^^^ 



r 



SjJb 4U?t'it ^ai^ll J*ai jaj ' cycloid ' ^j^jdl yt, ■ ■ jtut i^-.-^u 




tjjJLJj Rj-aj»Jt ( linear or vector space ) £A «.>L« «Loa F<jSLJ o^lj 

(juil jrtajtjl j»*c>^ '"J t^-^J || v || Q rtjrt**tt ^a-*)l V G F j_ualc J_^» j_a 

ut l:>.j-->o v (Norm) 



H| = 0o v = i HI- ( t) 

aeR □ veF JSU \av\ =| a |.|| v | (w) 
w, veK jsa I u + < ||»|| + J v\ ( E ) 

i/j- — •*L^*a rf(v,v)=||v-v|| ,</:Fxr->R l!< .1*. (V , d) <jl a__>ij 

*l_u*i)1 2loLJIj__U ^4- T l JjI — ui^. 4 — u.tjaj ^y, ,^ , (metricspace ) 
u>£» /e* J£Jj « [a , Z>] SjiiJi ^it ^LaHi j| JJt j| f L^Q^ D„ ^ , / 
4J_t*aiil JljjJI cLi^a Dj lilj *e , | /(*))= max -|/(;c) 

= |/(*)L + l/'wl, 

u^?/gD„ JSJjfa,*] ^4l^r = l,2,...,« , l^ffjft. 

ol^» lij i (linear functioned) <^ 4ih 7 : F -> R ^ jLb 

*eR <>> e F JSJ, ./[*>'(*)]=*•./[>>(*)] 0) 
j 2 6F J[y 1 (x>+^ 2 (x)]= ./[>>,(*)] + J[y 2 (x)] (J) 

« v >- \ .yn^ 

a^A-^^J^^b y[/(jc)] = Ja(x),/(x)dx ^la-Haic^i 

a 



•/[*/(*)]=/«(*)*/(*)<& (,) 

a 

b 

= k\a{x) f (x)dx = k-J[f( x )] 
a 

•t[f l (x) + f 2 (x)] = /«(*) (/}(*) + f 2 (x))dx (J) 
a 

b b 
= \a(x) f x (x)dx + \a{x) f 2 (x)dx 

a a 

= J\f x ixy\+j[f 2 { X )\ 

61 i \m o £>0 e>0 J£) 

,yxmJ[y{x)] = J[ySx)] J^ty' y = y (x) a^J^^b J j\ ^ 



j V- )- ^ /T£j« 

yJ'-> *3I < 3Ub or (x) J [y(jc)] = ja (jc) y (x) dx jl c^l 



a\r, iVt^j (v W JLI4 »_cu^ ^yl^ ^JIj> J"0(x)] o'J**^V 
< \a(x)\ < M \*\ t **>±>v» a(x) QI Ja^>-¥ 1 J ^it^Jb 



^ J |«0)| \y-y.\ 

a 

< M • max ly-yj (A - a) 

x e [a , b J 



Ib-J'.ll, < 



M (b—a) 



= S 



a 



, \L\y{x)]-L \y.(x)]\ = 



\yxx)]\ < ) (V 1 + y' 2 - h + y' 2 ) 



dx 



V 



,'2 



+ y - 



(y-y) (y + y) 



V i + y 2 + V i + y : 



til 



|z[Kx)]-L[y»]| < {- 



[y-yl [y+y.l 



V i+y 2 + aM+>? 



tic 



|j( < [ a , & ] 421U.S a 2_ ^ "■»"'» y > y ^ *~ mi l 



|y+y| 



< M 



max I y - y 



y-y 



^ \y-y 



D, 







< M max ly-yj 

< M II^-xId, ( b ' a ) 



y e 



til 



y-y. 



< £ 



A 



\L\M' ' l <M{b-a)\\y'-y:\\ Di < £ 

( r \AM- urO (Paul Du Bois Reymon) ajj^ 
( gil^tf _^Jb,l ) ,W V- 

CL_k t /(a) = /(*) = tft^i /(*) e t *S* J «<*)/<*) = 

a 

.x e [a,b] JSJ a(x)= 



Ot^j— ai»^-»* * e [a,*] J_a a (x) = c^-fc^l^i-i [a,b] 

» a (x*) < Ojla (x ) > I «nij. x* e(a,fc) < a (x*) * 

4 a (x*) < lit 4_i'v a (x*) >0 L*xi* *t i hat ttsujaajiy^ffi 
JSI a (x) > ak^>UU dj^l— a (x) 6i U* -a (x* ) < jia 
i.uj a<c<x*<rf<6 a*Jl 4*2^ aIjlaI diCC^ xe(c,d) 

uul^»bl 

f(x-c] V xe[c,rf] 

< ' (x)= { V xe[a,b]-b,d] 

f(c) = f*(d) = f\a) = f\b) = o»Ufi-i/*G/ oli 



5 




b 

d*3 f (r) {a) = f (r) {b) = f(x) g D„ jsa \a(x) f(x) dx = 

a 



. x e [a,b] J£l a(x) = Ojia ( r£N 

^ (x v f(*-^)" +l (^-^) n+1 V xe [c,d] 

[0 V xe[a,b]-[c,d] 

I t- )~ > ILufrl 

jl e, L&4J 1*2*4 tu a(.r) I j.1 

jLi f(a)=f(b)=0 o\C^j /(x)eD, JiJ Jor(x) f'(x) dx 

a 

. C g R t x g [a,*] JSJ <*(*) = C 




b 

ij\ t^ajJuSj t j[a(x) -C] dx-0 4_3>LJL J*$j-ju* C o\ tj^j-aj 

a 

u& • f{a) = f(b) = jt U£» t / (jc) g D j lij . J[a(o) - C] <fo 



6 



J[a(*) - C]/'(*)«fe = \a{x)f{x)dx - C \f\x)dx 

a a a 

= 0-C(/(6)-/(a))=0 

A 6 b 2 

j[a(x) - C]h'(x) dx = j[a(x) - C] [a(x) - C)= j[a(x) - C] dx 

a a a 

lit 

b 2 

j[a(x)-C]dx = 

a 

xe[a,b] J£l a(x) = C ul ^» x(x) - C = Ols^ui^j 



□ 



zf- \- \ 



/( a ) = /(^,) = 01*^***' /U)eD 2 J-Sl Jar (*)/"(*) <& = 

£ xe[a,b] J £1 a(x) = c +c l x l a, /'(a) =f(b) = 3 

. c ,c,eR 



Olo-j-iilj t jdx )[a(t)-C -C x t]dt = , j[«0)-Q -C x x] dx=0 

a a a 

Oil *fc /(x)eD 2 tij f{x) = \dt\[a(r)-C Q -C l r]dr 

a a 

uli-ul^j l f(a)=f'(b) = </(a) = /(*) = 
J[a(x)-Q -Crf /•(*) dx= )a(x) f(x) dx- Q [f(b) -f(a)]- Q ) x f(x) dx 

a a a 

b b 

= - - C, jx f\x}dx=- C, Jx f\x) dx 



xf(x)\ b a -jf'(x)dx 



= -C l [x \f\b) - f\a)} - [f(b) - f(a)]] = 



o 

j[a(x)-C -C lX ] fix) dx = J[a(x)-C -C,x] [a(x)-C -C,x] dx 

a a 

b 

= J[a(x)-C -C,x] 2 dx 

a 

b 

JSi <*(x) = C + C,x oj-a^^j « \l^(x)-C -Qxf dx = 



. x e 



[a,b] 



□ 



<jLfe»j [ ff >^] <yJLc*l irt1*4Jb /?(x) £ a(x) J_£s U L£» lit 
d\±i**i fix) e D, JSJ J[a(x)/(x)+/?(x)/'(x)] dx = 
JS3 /0'(x) = a(x) j^Ul^SUAJblS y9(x) u £ cf(a) = f(b) = 



. xe[a,b] 




Ota^, p^j^u J-teli^ A '(x) = a(x) fq<A(x) = )a(t) dt ^ci 

a 

J «(*) /(*) & = ^(x) /(*)|* - \A(x) f(x) dx 

a 

=A(x)[f(b) -f{d)] - )Aix) fix) dx 

a 

b b 

= - jAix)fix)dx = - jAix) fix)dx 

a a 

•^M =«(*)»! ^'(x) = a (x) 6 o. 



< ^iHfJjj-^t ^ OLJUJl C> ^J 3u^UL jjJfiJl ^ ^5 

J^V . uya»Jl jaAUt uk*^ (Gateaux) ^U. jUd 

^j' e * I I'"* II < r } JLi « (Lji.) 'Lyu^ ^ x ^ |i( ^ 

ty * (open set) \ * ^ D Ju^ ^ JL ^ 




. ^c j .»jk.4 l ^ll^ -a i'i'iI^j |j| 4ja-L«.4 

! <- Y- > ,U1* 

Ua>*j< R 2 4- <jrOi»2i ^ = (*,,>>,) , B = (x 2 ,y 2 ) CuL£= bl 



||^ - 5|| = rf(^)=V(Ax) 2 + (Ay) 2 
Z) = |(x,j>) eR 2 | a<x<b , c<y<d\ <j\ L_«£a « ei-^aa R 2 (jl -1—70 



< /- = min{jc-a,*-x,>'-c,J->'}eR 



djS3 8 J ^Jb Ju>.j \i\< x e D AJbLdU) aic jjJo J jl JUxa < x 

. lim J ^ + g/? ) ~ J W =gj{x,h) 3 he* (x,h)-U* 

f->0 £• 



i 5 J (x,0) = oi U£» * tfy = — (j(x + eahj) 

de 



bl 



5 J (jc,aA)= — (/(* + sah)) 
de 



e=0 



= a (j(x + ah)) 

da 



= aSJ (x, h) 



a=0 




x t, a \ v J(x + eAx) - J(x) d T . 

S J(x,Ax) = hm - = J(x + eAx) 

s ds 



t Y- Y- \ JUL* 



j{y{x))=\F(x ,y(x) ,y'(x))dx 



. F(x,y,y') = j }*^ ^ Ualt 5J{y,Ay) ^ 



2g(y, -y) 



lih J(y) = \F(x,y,y')dx Uj 

a 

b 

j(y + e Ay ) - j F (x,y + s Ay , y' + s Ay') dx 

a 

^jLa 4 < It* j 

— j(y + eAy) = — \ F(x,y + sAy , y' + sAy')dx 
ds ^ c J 



ds 



I — F(x,y+s Ay , y' + s Ay') dx 
J ds 



dF(x,y+£Ay,y'+sAy) _dF(x,y+sAy,y'+sAy') ^ ^- dF( x,y+sAy,y' +sAy) ^ 
ds dy dy 



dF(x,y + sAy,y' + £Ay') 



ds 



= • A y 4- • A v 

dy y dy' 



SJ(y,Ay)= J 



6y 



dy' 



dx 



\0 




2 



8F{x,y,y') 1 1+00 



n2 



dy 2 (?o-y) \2g(y Q -y) 

dF{x,y,y')_ y' 



8y ' ^2g(y -y)[\ + (y') 2 ] 



SJ(y,Ay) =J 

a 

J 



2 (y. -J>) \2g{y. -y) J2g(y.-y)[\+(y') 2 ] 



(Local Maximum Value) a u <hr L^jl J0> o ) <>c JUy ( I ) 

* yeDnB r (yJ 



(Local Minimum Value)/4_jl>w» 4 ^j^jL^jt ./OO o-^ J 1 -^ W 



. j>el>n2* r 00 JS3 J(^) > J 00 lij J^oU 
> J^laJl (Extremum Value) tSj-uti y 0>„) JLaj (^) 

4 4 jilt I (j.+niJjt J ^1 JLil (^kua jt u < hr <U^3 J(y o ) «Tit^-> |j) J o eD 



■ hex J£J Sj(y e ,h) = 



Ola ^Labj . * *uJLuJ| 0j jj^\ ^y, jsa ^±£^zZ(x) < Q 

* < * e->0 _ — " 

«: > * 



|j>! 



lim ^1£^W(>0 _ o 




. SJ(y ,h) = iih = Mm ^ + g *> 

<r->0 e 

□ 

tyjuV as j uLa < Ae* 7(x , A) = Ocut^a lit 

.<_^»VI JUU -!=aJi Jtu»JJ U^a ( ./(jJIjU tj£*a& <Uui 

£./ = J' oi-a< / € R J_sa J(x) = x 3 jt_£»j< J: R -> R jl_£» til ( l) 
. J Altall i£>ua3 i'i uuT J(O) Ulo < J'(O) = jLflA^j 

JSJ J (x = (x l , x 2 )) = x\ - xf i /:R 2 ->R til (J) 

o\* < (*, , x 2 ) g R 2 

3 J 3 J 

SJ(x,h)~ /?, H h 2 --2x l h l +2x 2 h 2 

dx x dx 2 

J (0,0) ,>sa< JJ(0,0) = lil /j = A 2 ) eR 2 J53 

. y ^1 jl) J ' °> 4 i"i nijT 

(Euler's Necessary Condition) ijj±yJaS\ >bjl Ja>4 s Jt_l 

^1 ^^Xt (^jjyoAJt Jta^iDt ajO*3 ^yJU! <sJ->*JI tjL*4- I^U^I^ajJuu 

. uloukUl t^a*^ ^t iflL^al < lJLJIuU (Stationary Values) 

b 

Cu^-Jiy) = j F(x , y , y')dxe D, ^j|aJJo^»<iJ 

a 



dF 







- (1) 



dy dx \dy' j 



iij t (r- r- >)jn« 



ijU nil 



5J(yAy) = j—-Aydx+ ■ A/ dx 



fay 



I — ■ Aj> dx = Ay 

J o y 



dy' 



• Av dx 

a s 



- f 



dx 



dF 



Ay dx 



lit< Ay(a) = Ay(b) = 



dx 



5y(^,Ay) = J 

a 

i . in-*- SJ{y,Ay) = I ij < ^ = y(x) 

b 

4_Jb Ay j_SU< I 





d 


(dfY 




dx 





Ay dx 





d 


'dFY 


_dy 


dx 





dy (it 




i (*» = F., + Fyy ' ? + / W ■ f ^ = Fy, ^ = Fy' ^ ^ 

dx dy dy 



t \- r- \ Ji^» 

o 

F y =-2>>, i>=2/ , £F y =2y\ fcj F = y' 2 - y 2 ol ^ 
F - 4F. = 

1 y dx y 

aJjUXI (>-j i / + y = S^aJI 

}> = Q Cos* + C 2 Sinx 

^Ul) j^ail! ^ulc jLvjj^^tt^i^JH^ft y = Sinx jla 



■A 

J[y(x)] = j"(/ 2 -/)dr 



: T- T- \ Jtt* 

1 



t^uaaii <u.ta tyia jirt-^j pti ^(0) = , = 1 

oa-* J-*j< 7" = 6x ajj .Ml j^Li - £F y = ^jlj^V-j^liajljw 

7 = X 3 + C, * + C 2 

. ^ = X 3 ^^dl t^Li J(^) ^JIJJQ <^>ua2JI n*^! 

: r- r- us* 

J_ju>Oi^j_Jlj i (1,<?) , (0,0) jrjl hrt'iTI jruj J-u>)jl) ^uikIII 4J^Lfc* .-L^jl 

i 

. ^J&jjl^S y(>)) = | ( y 2 + y ,2_ 2ygI - ) ^J|jiJ 



^(0) -0 , 7(1) =£< = (/ + y 2 - 2 ol Uj 

F y = 2^' , Fj, = 27 + 2e* lij 

27 + 2^ -± (27') = 

7 + - 7" = o^^ki 
7"-7 = ^ ...(1) Jli^lSJL, 



y c y = y c + y P >*fUl! L»L» ^jpi j* 4j l^Laj ^3 



1 

4jJL»Jt ^IjLiJLufLj^ i j> c = v4e x + Be" + — xe x lit 

Ae~ l + Be = j e < ,4 + 5 = <jl < J>(0) = , y(l) = e 

e 2 e 2 

A = — , B = jLi 4ulca 

2(l-e 2 ) 2(e 2 - 1) 

e 2 

^ = 2 ( e 2 -l) [eX - e " ] + * * e * u^^Ldi 

e 2 

7 = — ; Sinhx + }xe x 

(e 2 - 1) 

. uii^j i*xS ./(jy) ^JtJJLl J**o (^^iJI t^jJLI >» 

: ^jVl Jtttl ^aJj £*b&4 U£a JJ£ (jt) 

1 2 

4_TjU*liJ. _>,(!)=! , y(-l)=0 , J(y) = J y 2 (2x- y') dx 

-1 



-1 < x < 

x 2 < x < 1 

• y(0) <j\* 



YT 




« y- r- \ <LL» 

<dLLU A^LIHj ^jYI <U4>>J| OLiludl CuL£» lila F^, - ^(F y ) = 



AF y = F y (*+Ax,>> + A>>,/ + A/)-F y (x,j;,/) 



Ae' - 



A^UfoV* limF,, = F t limF,, 



I ij 4luxLaj j J>*>4 F (x,y,y') AJfall 4-ulill 



AF 



y 



Lim \ F/x+— Fy y + Fy,' 



AF d 

— L = — (F,)= F 



Ax Ax " J 



Lim 



V ' -» = ^ a-* • f im (f?, + ^ F y , + ^ F yy 




W *0 j F y -F xy - Fn ,.y'-F yy y = 



□ 



u ' 1 1 o-C 



D, ^J-xU^b J[y(x)] = \{Sinx)y\x)dx 

o 

* / 

t *L±il\-L.^ Ji ti ? S\* J[y{x)] = fjl + (y'(x)fdx j\q*Z\ (y) 

a 

^b ^jL u* ^ 01 o-ii (r) 

b 

■/[/(*)] = \/(x)dx (?) 

a 

i 

•^jK*)] = JV y(x) dx ( 
o 

i 



1 

Ay(x)]= \{Sinx)y{x) dx (*) 



LajLLc <J J [_y, Ay] l-uji*.| (o) 

6 



J(y) = 2n jyjl + {y') 2 dx (l) 

a 

J(y) = jV (/) 2 dx M 



Yt 



] 

7(1) = 1 < 7(0) = « J(y) = jxyy' dx(]) 

o 

i 

y(\) = 2 ( >-(0) = 1 < J(y) = l(xy + yi-2y 2 y') dx (o) 



■zoo = j(>' 2 -y 2 -27 5/«x)^ u) 

a 

b 

J(y) = \{y 1 -y' 1 -2yCoshx)dx (i) 

a 

7(3) = 2 < 7(1) = 1 , J(7) = J(rV 2 - 77') dx U) 



i r , 

7(1) = « 7(0) = * J(7) = J -7' 2 +7' + 77' + 7 



A (•) 



b 

J{y) = f/W0 + y 2 ) x dx 

a 

/(x) = x M f(x) =x% (t) 

^laU ^jirtrttl (*J^Jl (a) 

' (^o^o^o) Uj ^V^rt' i T I jru Juaj^yl^JL* jjua3l 4JjU* JL».jl (^) 
A^Ull 4j^UJI Ail^iWsn ^ j^l^ll ,7, ,z, ) 



z = z(0) , y = aSin& , x = aCos3 
F = j — I + — + 



d& 



ydSj 



dz 



ydSj 



TO 



1 1: 



(0 l^l j 



' CV.Ld ^UJl js^j, ^, aiLiI « )j!f in, G LJ )a ,, 

. L*5LL^i oLJIaJI ^jj ^ ^ ^ 

~ UJU* u-« OYLv :^-_Y 

O^ii - jjj^l ^ ^^j, ^ ^ 

AjJb^it | j --, | 1 ^-l ^ . - t - » "t 



A 



■ • -> X 

J[y(x)] = J / dx 

a 

. y (x) = UjOa = J J|>(*)] > 

b j**±>^ t^xi «>• Ifc^b («.*) &* 




\ yAx) > 



(Y-Y) JSL-i 



a 

= , a < x < b 




F(x,y,y') = M(x,^) + N(x,^)-/ 

^l>(*)] = J[M(x,jO + N(jc,»./]aEr Jli-Ulcj 

a 

6jy*l\^OjSZ F y - ~F y = ^liljU^o^o^bi 

—— + — • y = 

dy dy dx 

</N 5N dN 

i — — = + • y' 

dx dx dy 

1 jl 

3M 3N 

= ...(1) 



a>» a.y 
aM aN 

ay dy 

. ola ^IQlLy ijJL>JI Joj^UI y 

/bW] = f| M + n— 1^ 

= |(M <ic + N rfy) 

a 

JLAi*JH J_<=, (J J £t AJuLj ^Jla-TI 4— »jJ o>£3j J-^LSUI jLu^ ^Ja - * 

Y^ 



y(0) = , yQ) = a J\y(x)] = J(y 2 + x 2 y')dx ^tJ 



F(x,y,y') = M + N-y li] 

Ja^^tt* y - x = JSLAJI — = jJjjI <OjU* ola 4*1*3 

= a Jaj-ill L_*lu . j iii.ii j>(0) = JjVl ^a^»JI Jaj-ill u< 

s t- 1- YJH* 

6 

^LvW] = \{y+xy')dx 



u 

= jd(x,y) = by l - ay 

a 

™ =1 , — - 1 lij y(a) = y , ,0) = * 
dy dy 

a 
b 

= \d(xy) = by x - ay 

a 




• *>y - Ojl/=0 Ci*i*o*sF y = F xy = F yy = uV F yy • / = 

jLa / = k, _>i£»l jl SjiU F yy (/) = 4-T.sUUi lij : LulS 
SJJLall jL«ljJL>ua <^-*J JL>.|ji" tl* t g^rtl <<it,l 4JLSLc J 1 4*1 y = £,X + C 

. y = C x x + C 2 a «ij Til in a tla^Uv jtjSj (jilail 
. (2,7) * (-1,-2) ^iW.tlorHJoAit^Lq > ^5I J^l. j^j] 

!il ,j(2) = 7^(-l) - -2«7[y(x)] = J Vl + y' 2 <£cOlU> 

-1 

d 1 t 

C v' 

b = 1, w = 3 lit >>(-l) = -2 y(-l) = -2 &Si . y = mx + b\*\ 

. y = 3x + 1 (%j aii.it I >a <yt»%i* >ia2I oLfl <ul£.j 




d_ 
dx 



— Fy (X , /) = 



t^l^i-i L-mi^ y'=f(x,C) oi^^LJJijj F y (x , y')^C J^^J^j 



F = F(x,y') lit. ^(VJ) = = 4 y[^= {Vl+^V 2 dxjSUi 



2 f 



2 =oS).F y = Cjli^j 



f-1 



C 



J^/jc 2 - C 2 



Oli^j < C = t k = ^ li| , J( V3) = | , j(l) = jSJ 



t^i^u j3 </:ji ^.i- ^ * c<m 



5;r 

^ + -r 



+ — = o 

2 



*Uic i£>-»3 ^ J(j) 



i V- \- Y,U^ 

bl<>>(2) = 1 , >-(!) = 0< yb] = )-^y^dx C^J 

i ^ 



2 _2 



Vi - c 



2 * 2 



c 



rr 



<y^i*o£^j ■« C = -L , a = 2 M, y(2) = 1 t y(i) = q ^ 

. (y-2f + x 2 = 5 ^AuidjUi 



OLi «Ul*J < - £ (Fy ) = Fy _ Fyy . y _ p ^ . y . , ^ ^ ^ ^ 

^ • / " • / 2 - F yy • y'y" = ~(F- y'F ) 

ax y 

• ^ iS^i ^ J[y] ^iion ^ a3 ^jJI ^^UXI 



J>~» J>*jb lil ^oJlj (A , B)i{a , A) Orui^JU^Ui j^j 

• U^*J ^» J3I <n-».| m.n 1^U.„ jjj ,,,.t | 

IW.>'(A) = 5.>(a)=^ < 5[yW] =2n)yj^ dx , ^ 

a 




y 




*■ X 



z 



(l-Y) JSLi, 

g^ai^jj u-^a-^jJ-^i ah^i ^ = , ^) ( ^ (o , o) 



61 la^J < 4l <LLat£JI 45llaJl ^jUj 

& = V 1 + y' 2 iv = ^ < v = /2^7 oli^j — Twv 2 = m g y 




y(b) = B < y(0) = t t[y(x)] = _L_ "r 

Jig l\ y 



dx 



l-2Cy=CasS ol^l^ & =^^^ ^ 4 & =^1^ 



2C 



* = 



1 r l -Cos 3 



ml- 



2C J yi + Cos& 
1 



= — {(1 - Co, ,50^ = -L (J _ ^) + Cj 

J(0) = x = -L Co, 1 (l-2cy) - 6T 

2C VC 



^ = 5^ ( * - CosS ) '* = ~ - S^)6V. (Cycloid, 



• (Cycloid) 2J: 



T6 



A 

< ^(*) = A«>' i (fl) = 4^[y,W,...,>'Jx)]=jF( JC , > ; 1 ,...,j; w ,^,...,^) <& 

a 

dy f 8x dy t 1 



^[^, = — y Oj + sAy x ,...,y n + eAy n ,y Y + sA/j + *Ay„) 



e=0 



\F{x, y x + sAy x ,...,y n + eAy„,y[ + sAy' } ,...,y' n + £ Ay' n ) 



dx 



= fa F(X ' yi + £Ay > '->y» + e ^y[+ sAy[,...,y' n + £ Ay' n 



)dx 



-s 



Ay, + A v 



A 

j(F >( A>>. + F y .Ay;)dx=0 



* i = l,...,/i J£J< ^ _ J_(^ )=0 jLA-Licj. (t- i- i)*yi»-*» 
AjJLt W-^ 4_u^t 4-H>»1 <>• 4,1, hi rt~TI OVjUII n ^Aj J 



n 




\- y- Y,tn* 

^ t J[y,z] = J (/ 2 + z' 2 + 2yz) dx 



. t*Jc Uui< z(-|) = -1 * = 1 < 7(0) = z(0) = 

Fx ~^ (/; ' )=0 " £ (jFy) = 0^=y 2 +z' 2 + 2>>z o)U. 

y 4) -^=0 DLi^j z' - y = j / - z = lit 
7 = C, e z + C 2 e~* + C 3 Ctwx + C 4 Sinx j * ^jt .^i^-t ) 4_j.jL*xi 

z = C, e* + C 2 e - * - C 3 Cos jc - C 4 Sfoi x lij / = z 
u» J->^i i^i»J» Jajy^JI foM^i C, , C 2 , C 3 , C 4 c^l^tf I uu-ilj 
^ (y>*) <ptal) Oh;^-,4 oli A^itj * C, = C 2 = C 3 = , C 4 = 1 

y(x) = Sinx , z(x) = -Sinx 

T- Y- Y,U1* 

b 

J[y,z} = jF(y'+z') dx 

a 

^//■^+ /^-z"=0 ...(1) 
F„-y" + F„ -z'= ... (2) 

J-^ ^ ^ 4. ( 2 ) iJ^uxij F iy i. ( l ) ja^uxi ti» 

rv 






[FyyF,,-(F y ,}\- 
y = C x x+ C 2 uL±^J< y"*0 Ml F /y ,F z . z . - (f /z .) 2 * o**H3 
j z(x) oL£^o-*S' z = C 3 x+ C 4 o1^^»J z'= jt JU»oJ_Ubj. 

J[y(x),2Cx)] = JVl+y 2 z' 2 AuJJ^Jd>uj<R 3 L (1,0,-1)<(0,1,0) 



Qln.Hl ,.,UL»a . ^SUj L-.JJI t z(l) = -1 = i y(0) = z(0) = 1 

j| » 4_JA»JI Joj, ill I j»tJL»J — lkLjj < Z = C 3 X + C 4 < J> = CjX + C 2 

.z = -2x + \ i y = + 1 ( jli4^jC 1 = -l,C 2 =l,C 3 = -2,C 4 =l 

r- . y- t JH* 

^JUil ualjall <^*JU a»jl 

, z(x)] = j(-2y 2 + 2>>z-/ 2 + z' 2 ) dx 

a 

y(b) = b x , z(6) = 2> 2 * ^(a) = a, , z(a) = a 2 ^ 

F - 4( F y> = 0=>/-2j + z = 
' dx 

F, - ^-(F z> ) = => y-z' = 

o\±i u(x) = z (2) - z »1 « * W " 2 zW + z = ^ 
jL_i4_-J*j , = + ui— i^H-^bi " (2) - « = 
i «(x) = v4e x +5e-' =0 jl ^lil i . z (2) - z = ><e* + Be~* 




j»|JL*i_u.toLi< u(x) * OuL^tiJL^.) z = Ce x +De~ s z {2) - z = 

4JjUlt JrfJ (Method of Variation of Parameters) .u^ ,„j t| J , , s^ u 
jt CLil UiSUj z (2) - z = + .Be" 1 ^.i.ui«t t 



z(jc) = C(jc)e* + Z)(*)e" 



C - — 1 
4 



e* + 



4y 



+ \{Ae* - Be") 

= jc o + + (d + l^je" 1 + - Be ') 

. C , D , A , B jL»oI LUSUj 4jjl*JI Jaj^il! j»la**l«iljij 

(Canonical Euler - Lagrange Equations) 



^[ji^ -^j = Jfc*,^,..., >>„,>>;,...,>/)<& ... (i) 



^^l>*V->l^1uitfaUS lily, (&) = !*, < y ; (a) = 4 
' = < ^ (^)=0 ... (2) 



/ = < /> = F,. ... (3) 



(1) Jflip (The Hamiltonian) u>JJL«U <Jb 



6* 



= -^<fc + £(y;^-^,) 



j? dH , 8H 



* ay, 



dp 



^- = #„ < ...(4) 



^11^ i ^jVl ^spi ^ 4Au*Uu3l oVjUU ,>* (2») o^=> fUU 

J^«i$< J [yi, ~,y n ] ^1 jlu a^l^ii ^»jiaii y \ . j^i ^o.^i^u 



t- T- T,Tli^ 

jL_i i F = F(y,y') = y' 2 + y 2 |i| , J[y(x)] = j(y' 2 +y 2 ) dx 

a 

^^cr*3 F y - £(iv) =0=> y- y =Q ^^i^Y. ^jL^t tjiu* 
fel J» = ol^j-* J[y] 4 P»^^^t^1 > ^V_ > jL iJ |oVjL_ M 



H(x,y,P) = p y - F(y,/) = ZL _ 



y 



-dp 

dx 



= = -2>> i / = H p = 



^L-al| ^UJt gil^V -jJLyl OViLw lij 

2 



/" = 2.y =>/»' = 0./> + l./>' 



fo r 

1 o, 



< v i = 



(\ 



7>* 



2 ^ J 



y = \ Ci6 ' + \ c i*~'=Ae x +Be-* 



n 




(Hamilton's Principle) 6«iL>U oa^li r- T- T 

< > . Vi» ». U » < (jJJ^J J-*i (>j* J>1» <«-3 t >Lf-ILcj ^jIoJlJI LSLL4 ^ <dll 4-uAj< I'm nr 

>-bjl d-pl < f Wl t fLc 4-J < f»W£ Y pLt CP J^J l) iL4i>. o_i£ * ' *' ) 

(principle of t>SU-« J-»i JJbl oJLcli <j_« <>S>-tj uS>lj-2 <jr^ J>^>J! iLJLSJs! 
<i j*>K jtl omi_i U-o t jj <^-> Iflmi (jl gj)>*¥ (jgj vaa (»Lc 2l$ ( least action) 

(puio - f u« ©) ujH*! a f uro p 1 ^ * 1 h^t-** jl>u o>-% 

jj-cj 4 Ual^tl JL>w* Jo i»7t — ^j-SUj* J_*a J_al Sj_cL5 4t m^j 4,-ul&*l 



A j^t^jJI <LiLLaJI j»>4^* I. > o^1L«La 6LLcli oVl ^ i ■ - ^1 - -UiaLoOJ 

n -j S u»Uj ui-w »L>ol a-jj--«o ( j5L*l tol ( (degree of freedom) « 
tjLa< 1^1 = 1 o\-&> lit Ja^V < q l ,q 2 ,...,q„ 4\*~> ,,,11 CjLljI^l^VI 
L«) . <Uj^SLH OLtildL^V I jl ajl-UHI ljUjIo^VI JUj q x ,q 2 , q 3 « = 3 

Ja^>J| «Lsot vt -»."^ <7 4 , q s Lxl < JjVl ( » i_ut q J1 ^u»j jl «l^>of JJUj q ] ,q 2 ' <7 , 




n?,,.. .,<?„, <?:,.. .,<?;) = *; 



/,*=! 



^ = F(? ><lx>-,q n ,q[,...,q' n ) 

cU^^I 1 < / < n t q{t) , q'( t ) J )jalL , [t , fj .jliU JiU w , 

'1 

. ,jSUjL.J2| t H = I L dt 

'0 

l^ C >4^lOLU^r^U^^^^^^ H = '){T-V) dt 



•1 

'0 



□ 



dL d_ 
dq, dt 



= 



L = T- V 



■dV 



dq t dt 



-dV 
dq> 



= m, q* = /• 



J! i*ij->j 
lit 



^Ull JS^JLf (J>il*tA *^ ****** 

8L 

i = !,...,» t P ( = — 



^L£» (The Hamiltonian) o>ii*L* <tfb 

n 

T{t,q x ,...,q n ,P„->Pn) = Z 1 



'o V =1 / 



£ / = lil 



dq L _DH_ 

. AxijiUH j>UUU LjViUo ^xilSLdl 2. Lfi^j id^UuJI 



Vi a-uiUJi j-ilj m < < "sn^ (»^!- i-i^i** 

.^I^Jt a-jli* JUaJ ^i^ij 



it 



I * 

t T = -my' 2 Y) JSL^4.Qr^«j-Al ^ 

(ji— fl4 jlcj . 4— ujL>Jt Ci_j15 g F = -mg y 

^ 

af - 

1 

j(o=-g^ +c,t+c 2 y(o=^+c, 

• JKO = | g* 2 + c,f lij £ >>(0) = jtt 

: V T- TJH* 

»JJ 7W 4 W^-i m'w 4 iliY-al t < < jjj"'- 1 *■ j^f i-^" ...It a_jt.jl 

r = mgz < r = y^v 2 = i« (^' 2 + j ,2 + z' 2 ) uJUj 

I = im(x' 2 +/ 2 +z' 2 -gz) Js, 
1 

H(x,y,z) = - m j(x' 2 + y' 1 + z' 2 -gz) dt d^>A^j 





dz dt dz' 



=>z' = => z" = -g 



V- Y- Vjtt* 



4_J*«< v = — « ds = J(—) 2 + r 1 .(~-) 2 V^tm^ Ai „ . ^t l o^j^ 
' dt \ dt dt 

tyL L = T-V JSJ T = ^m(r' 2 + r 2 0' 2 ) jLa^OJbj v 2 = r' 2 + /- 2 #' 2 <j£ 
// = J[-/n(r' 2 +r 2 0' 2 )-F(r, W 6&4-ic5«I = ^»i(r' 2 + r 2 0' 2 )-F(r,0) 



- (1) 

at 

-dv d 



— + mrO' - —{mr') =0 
dr dt 



(mr 2 0' 2 ) = 



d0 dt 



(2) 



m (r" = r6' 2 ) = - 



dv 

dr 



(3) 



m(r 2 ^ + 2r/-'^') = — ^ W (^" + 2r^')=— |^ - (4) 
36 r dO 

-1 dv -dv , „ 
^sp^XI (F = ma) i^HSCtl^ajj* o^uUj — — < 

a r = r" - r9' 2 Uj* ^j 1 -■" t l w " j^" ■ >* j^i 4 Mr j # aL»olj r dL>oU ^jin^t! 



a o =r0' 2 +2r'0' < v = r<9 Li^ ~ £^=41 ^ULUI jl^, 
. (Coriolis acceleration) ^}£s,jX\ ^LiOJl Jl£ 

A- T- Y,TO« 

i^ijo ^y^>jj» JL>** 2L dJ^lj m i!U=, ^a^. ^VjLm 



' L = ±m(r' 2 +r 2 0' 2 )-V(r) bj 



5r df dr' 
d0 W 



« mr"-mr0' 2 = — ... (1) 

^-(mr 2 0') = O=>r 2 0' = C ... (2) 
a? 




y(x)<=D„*u*c J[y(x)] = \F{x,y,y',-,y^)dx CM* V>\ \- T- Y 

a 

c y(a) = A, , y'(a) = A l ,-, y™ (a) = A n _ x 



y(a) = B ,y'(b) = B l3 -,/^(b) = B l 



n-l 



J[y(*y\ ^laJJo>^^«-«5>i t3 i»<i* ij^tiaJI aja^Ola 

& = —Ay + eAy,y' + eAy',...,y (n) + *A/" ) )| £=0 
= — jF(x,y + eAy,y' + e A/,...,/" + £ Ay" ) ) ( fe 

= f— ^(x^+ffAj'.y + ffAy,...,/^ + sAy in) )dx 
Ids 

b 

= j(F y Ay + F y .Ay' + - + F A j (n) >& 

5/ = <jl^D I jLfl 
J(F, A^^Ay + .-. + f,., Ay"V = ... (1) 

a 

jF y A/ dx = [F y . Ay] b a - )j-F y , Ay dx 



Ay(a) = Ay(b) = 

b b j 

jF / Ay'dx = -j-^-F y ,Aydx 



d 

— F y Aydx |jj 



p> A/<fr = [F,. A/1* - J^F,. A/<fe 



^^Ay^-^F^^^J^F^A^ 



tA 



Ay'(a) = Ay'(b) = < A y(a) = A y(b) = 







F-—F.+—F.+ +(-l)"—F = 
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jl^k^nJ J[y] ^\AUd&^jX\ y(x) WjJ\o\±aA*ij 

* 

J J 2 IB 

* dx y dx 2 y K } J - n ^ 



dx" 



AjjLl^y I Co($5J| ^ 2« 4fl 4-e ^L»oj»UJI L*l»j (Euler-Boisson) 

. 4j|jL» 2_ 4.1^411 4jjL>J| JoajjUl J^i 2« j-' -'^' - I t I j'. -ul 



•/[>>(*)] = J(l+/ 2 )<fr 



j(0) = , /(0) = 1 « >>(!) = ! < /(1) = 1 Jl, 



J»JI 

er* U>"t>* —jJjjl <LbU* (jt g-iiiy I (>• 



y w = jta4_ilej * — r(2j>") ^ = 
ate 

>J Jbj^-ilt j»laisj— y/Ly < = c,x 3 + c 2 ;t 2 +c 3 x +c 4 lit 

>> (*) = x (jl* tyll^Lji c, =1 ( c, =c 2 =c 4 = 



t- r- YJH* 



^< trU)] = \(y" 2 -y 2 +x 2 ) dx 



y(0) =1 < / (0) = 



>»(f)=0./(y) = -l 



>>(x) = C,e I + C 2 «"* + C 3 Cosx + C 4 S/'hx 
C 3 = 1 < C, = C 2 = C 4 =0 







y{0)=y{x) = < /(0) = /(;r) = 1 



y^-\6y = jl 32j + (-l) 2 (-/)=0 

<3DC 

7 = C,<? 2 * + C 2 <T 2 * + C 3 Coj2x + C A Sin2x 

C, = C 2 = C 3 = * c 4 = ^ 

y (x) = V« sin 2.x (j^cr^^^J 



y{x),z{x) eD n t j\y(x),z(x)] = \ f(x ,y,y', ... ,/"\ z,z' , ... ,z M ) dx 

a 

; (jig J in** "it _y(x) 1 q-'lu S 4J b Z (jc) Jaj-u JUbg 

F - — F . + ^— F. +... + (- l) m ^— F ( „) = ... (3) 
1 dx z dx 2 z y ' dx m * w V ' 

. (2)i (3) (jGJjU* jkLtaj t Z(x) ^OJIjJIOLajftjjj-aj 

4M*)^ 2 (*),...oa*)]=Jh^^ 



. i=l,...,m JSJ ^WeD, 
. iljli j^Vl JIjjJIJI S^a J ±y i (x) l jSZ3j 



0\ 



, = 1,2,3,...,™ , ,,-£^£^...+(-.^£1^=0 



« i- T- Tjtt* 

a 

z (2) +z (4) = * y 4) ->' = o 

y(x) = C x e x + C 2 e' x + ACosx+B Sinx lil 
z(x) = b x + b 2 x + b 3 Cos x +b A Sinx 

(Functional with subsidiary conditions) «U*Lu»l JbjtH^ » t- T 



K[y] = \G{x,y,y') =L j y(x) = A ,y(b) = B , J[j>] = ]F(x,y,y') dx 

a « 

tfj^*lA-+jJk y(x) pi tlL- j -»o X Ci-f\S ^- r>.^ < ^ [y] ^JlaJU 
(Lagrange's ylj^V. ?iH.h« A u*— 3j < ^[y] = j(F + AG) dx ^laJJ 
<uft\ gjl -jJLj^i -JjU* ^ (jc) ot « multiplleir) 



. Ao5L«^a 4 -kI nn^l [ — a ,a\ 



A 

a 

JIJi^Y, tf[y] = jylu^ iT dx=L , y(-a) = y(a) =0j\±> j _jl ! 

-a 



l + A- 



dx 



= 



(x-b) 2 + (y-c) 2 - A 2 ola^Ui^ < x + 1 



-Hlj — <* < =Z , =y(a) = Jy. — Alt/. »b,C 



oIllso ^(-a) = yia) =0 

a 2 +c 2 = X 2 i b = 
x 



or 



% I 7 °( * 



dx 



til 



= 2A [ 



dx 



- = 2ASin 



-Ja — '. 



±- = Sin-' 
2A 



x 2 + 



f 




f L ^ 




y - A 
V ' 


1 - Sin 






\2Aj 


J 



= A 2 



Y- t- tJtt* 



-a 

-a 

(y + A)y r 



= 



dx 



(y+A)f\ 



+y 



W 2 

- (y + A)y 



ax 



= 



= b^^MUj 



= c 



,_V(^) 2 -< 2 



jli'i j^j . _y + /l = c Cos// 



— +e 



(jLfl^ui^j < Cosh' 



v <- y 



= — +e 
c 



. A = c Cosh 



f a ^ 



f-1 



dx=2L 



\Cosh\- 

vc; 



dx-L^> Sink 



6- ^ 



til 



. y = c Cos/? 



+ 



2 +c 2 



(jl^3 til Alaa^U 

[b] = 5^ * yfc) =4< ^[y 1 ,-.,>'J = {^,>' 1 ,...,>' n ,>' 1 ',...,>':]^ 

ObSajt / =\,...,n 

b 

i=\,...,m 1 Kj [>-! ,..-,>'„]= Jg,(x, y, ...,>-„, >-,',. ..,>>;) <fc = Lj 

a 

^11 JLiI >vV ->bjl iliU* oLs 



00 



d 



( \ 



d_ 
dx 



\ ;=« J 



: r- t- rjn« 

j(0)= j(l)=0 , J[y]= )y' 2 dx 

o 

1 1 
K 2 \y] = \x y dx = 1 i ^1?] = \y dx = 



,WI 

1 

S\y]= j(y' 2 +A 1 y+A 2 xy) dx ji U, 





2y-Ai -a^ = o 



2 ' 4 



1,1 , 

' 4 4 12 2 1 2 



* c 2 =0 lil >>(()) = j;(l) = j>SJ 

3^ +4 +12c, =0 ... (l) 
i i 

jxydx = ltjydx = JS2 



4/1, +^+240, =0 ... (2) lit 

154 +4 ^2 + 80c , = ••• ( 3 ) 



on 



Ola*a(3)«(2)«(l)i>.j 

c l = 60 < X, = -1440 < A, = 720 

. >> = 60 + 180* 2 -120jc 3 o^^j 



j/(a) = 4 < G (*,j>,z) = < j\y,z]= jF{x,y,z,y',z')dx ol^» bl 

a 

^JLi (i'j.uaS 4_<w3 j[y] ^LULI jLSaj < z(b) = B 2 i z(a) = A 2 i y(b) = B ] 
jJ^ j-i^o ^jLuu G^i G z ^J^s^-uJj* z = z(*) i y = y(;c) ^ -k ^I 

< z(x) ij\ L * i -tfH J X{x) 4_Jb ( G (x,y,z) £tla_uJI <l»l_Aj (j_-9 ■* 

b 

S[y,z] = j[F + A(x)G] dx 

a 

F, + XG, - ± . 

F x + XG Z - — F z , = 
dx 

it- t- V Jll* 

1 

< j(0) = z(l) = 1 , / + z 2 = 1 t J[y,z] = JV 1 + y' 2 + z ' 2 dx 

o 

. y(l) = z(0) = 




F, + AG 7 



dx 



F, = t F y + XG y - -F, = 



2Xy - 



dx 



y 



2Az - 



dx 



= ... (1) 



(2) 



+ y' 2 + *' 2 

uz = Sin3 ty = Cos .9 C< b» lil « >> 2 +z 2 = 1 <j1^ ±»>J 

01^(2) < (l) 4.t^ji-5i^/ 2 + * ,2 = ■ 9 ' 2 



tie 
dx 



r - 3' Sin 3^ 



3' Cos 9 
Vl + ^ 



2ACof5 = 



-2ASinS =0 



« 0' = c 



^ . A t 4^] + cose- =o 



* V1+0' 2 



jUs < — ( /' ) = a_S^Ub J^lSUbj 

Sm~ l (z) = cx + b < Cew~ I 0) = c * + * > 1^1 



z = S7n(c* + 6) < y = Cos(cx + b) 



jLa^j < c = | < Z> = b) i y(\) = z(0) = , y(0) = z(l) = l ^ 



j4 uaS^UI ^ Ix i 



7CC >-» f '/DC. 

z = Sin(—) < y = C<w(— ) 




ft- t- T till* 

: (j 2\jA3 i rt^jlTI i— 1 1 j 'i ti-'i-o ll>-jI 

i 

« z(l) = 2e « z(O) = 1 c y(l) = e < j(O) = 2 ^ ./[>>, z] = j(/ 2 + z' 2 )dx 



G(x,>>,z,/,z') = /-z 

F + AG = j' 2 + z' 2 +My'-z) lij < G = /-z « F = / 2 +z' 2 L_*j 

2z' + ^ = (2) t 2y' + Z' = (1) 

y*)-y«=0 jl e 5i,(2) 4 (l)c H j 

z = y' <jSJ i y = c 1 +c 2 x + c 3 e* + c 4 e _I OLfl 4fL£j 

z = c 2 +c 3 e* -c A e~* |jj 

J|>] = JxVl + / 2 ^ (J) c J[y]= y x (l + y' 2 )dx ( \ ) 

a a 
« a 



4J]= J(xy' + / 2 )^ (j)< Jb]= J(y + *V a )A U) 




J[y]=\yjy 2 +/ 2 dx ( c ) * J[y] = y\ + y 2 y ,2 dx (j) 



4^] = JV + 2xyy')dx ( j) < J[y] = je*J\ + y' 2 dx (jj) 

a a 

b b 

J[y]= j(y 2 +y' 2 - 2y sin x)dx (j) , J[y]= jy'(l + x 2 y')dx ( 

a a 

J[y] = )(y' 2 + 2yy' -I6y 2 )dx ( t ) , J[y] = JV 3 / 2 <fr U) 



l >_SUj4_ila_ f 3la< = < y{a) = A t J[y]= jF[x,y,y']dx j 

a 



i 



dx 



(F-y'F v ,)-F x =0 



tj) irttljl niC'lt J, itf> iii^j j — *_! ^4>_u» ^I't uij\ ma J< fti I (r 



^llaJLI 0' (j-^^ ^y-II (4^>-j^J1 ilil m.-hUI) uaijUl Ljlj'i.^'i a U^jl (i 

K2) = 2^(l) = l < /[>>]= jx 2 / A (1) 

i 

i 

XI) = 2 « X0) = l i J[y]= \(xy + y 2 -y 2 y')dx (J) 



1 

y{\) = 2 < y(0) = l < J[^]= J(>; 2 -j^/ 2 )^ ( E ) 



i 

y(\) = \ ( y(0) = i J\y]= \y' 2 dx ( a) 



-l 

1 

y(l) = 1 « y(0) = < JLv]= J/^ (j) 

o 

i 

y (l) = l ( y (0) = < J[>>] = \yy'dx (j) 



< x = Z> + cJ 



Vc/Cv)) 



2 c 2 



o? o+te t J[y] = f/W^ + y 2 ^ ^ ^ ( d 
X2) = 3 < j(0) = l , /0') = ^ (e) 

>> 

J[y,z] = )(y' 2 +z' 2 +y'z')<& (0 

•/[>>,*] = \(2yz-2y 2 +y 2 -z' 2 )dx (J) 



\ h + y 2 +2 ' 2 , 




. z(l) = . KD = a < >(0) = z(0) = ( CuD g^^*~* 
z(1) = 2 t y(\) = < y(0) = z(0) = 0<0 

2 (D = 2 * 2(0) =o * >(o)=y(i) = ° M 



J[jc] = l'f(mx' 2 -^ 2 )^ W 



2 




i 



<Jk,j*J ^!>»>V CVjU-. . J^VIj ^] Jj-Wl Cott ,tij \i 

y 




Z 

(> -r) jsl* 

: yjL» U* J^> jL (i^frJI CjL^HI) J±u*22\ px23\ Cj\,\^\ * -L>-jl ( m*) 

* 

■/[?]= J[2xy + 0> (1) ) 2 ]<fc (l) 

a 

J[y]=)(.x 2 +\6y 2 -y" 2 )dx (o) 

6 

JLF]= JC 2 -2/ 2 + y 2 -2ysm)dx U) 

^]=JO'" a +y a +/)A U) 

a 

1 

• /0) = /(l) = l < y(\) = \ t y(0) = t J[y]= j(\ + y' 2 )dx (j) 

o 

X-^=K^=y(-<J)=y(a)=0 t&*\£ Xl p **** < J[y] = ](-ay" 2 + py)dx (j) 




t y(0) = o < Xf) = o ' y(°) = 1 ' J M= J(/ 2 -7 2 +^ 2 )^ W 



y'(n20) = \ t /(0) = 

^ILlU ^ jJh (1 ,0) < (0,0) jrOWJU jUI t^dt 3JiU* J^jl ( U ) 

i 

. jv'(i) = a < /(0) = a u^tXH^a^ •/!>] = \y" 2dx 



1 1 

y (0) = y(X) = iK[y]= jy 2 dx = 2 Jb^Aj t J[y]= ](x 2 + y ,2 )dx ( \) 



b b 

K[y]=jydx = L j J\y]=\y' 2 dx (J) 

a a 

. XI) = 1 < y(0) = * K[y]=\ydx = - d^j^i J[y]= \y' 2 dx (fc) 

1 1 

K[y] = Ul + y' 2 dx = 2 l y(l) = \ l y(0) = ui^jA? J[y]= ]y' 2 dx {*) 



i, 'i 

K[y]= y x ' 2 +y' 2 dt = L j J[y]= \xy'dt U) 

'1 1 '1 

K [y] = y x ' 2 +y' 2 dt = 1 j J[;y] = - - V (i) 
'0 '0 
1 1 
i\(y' 2 -xy' -z 2 )dx=2 oS^^J[y,z\ = \{y' 2 + z' 2 -yxz'-yz)dx (j) 


y(\) = z(\) = l < >(0) = z(0) = 

1 

. y'-z = j Jb,z]= \(y 2 + y'+z' 2 )dx ( c ) 



* y(l) = l < >(0) = 0< y + z'-y = j JLM = \(y 2 + y' 2 + z' 2 )dx (J») 



z(l) = c z(0) = 



,-. 1 s,^U"t i . 1 ^ ... ) L^J ^ ■ « jj| V _ j-b$l ljVjLla ojiImj £>LJ1u)l 

i j*n a . .U" ^iuu^ ajjljlL* C£L*l£i ota CtLJlJU Lj|jjii~tt (JJLui* : \- V 
.u-t i ^Aju eLWIj i (multiple integrals) «.sa*jXI jl 4<irlir>!) o^ULS^JI 

^ O^)] = \\F{x,y,z,z x ,z y ) dxdy e £ 2 

R 

UdMj4jjjU|wi z(x,_y) 4JUtt<j' U£a< 4 lilt I 4rttn'iU (jle. {0 j*~ua*) 




h{x,y) =0 o)\-^£ ai h(x,y) et 2 JSJ \\F(x,y) h(x,y) dx dy = 

R 

. (*,>>) e i? JSJ f (x,y) = o\*< (x,y) e d R JSJ 



</>0jl/>0L.|./ (V ,/) * jl^^O (**,/) 6 # J^jyi^j 

/ (x,y) > ot^? R cr^ / JI—j1uL^' / O*,/) > ojl^ljli 
c(x,y) eB = {(x,y)eR\(x-x m ) 2 + {y-y'f < r 2 }ci? 

... , f0 ,V(x,j) 

l(r 2 - [(*-* ) 2 + (y-y f ]) 3 , V(x,y) e 5 

tfC^+jX f{x ,y) uLi-ukj< (x,>>) e 5 J__S1 /(x,^) A* (x,y) > 
. (x,j) e R JSJ f (x,y) = u£<^j<>*^t^jJu->lu$£Si31 



□ 



^[2 (*,>0] = \\F(x,y,z,z x ,z y ) dxdy & l 2 



jl ij\ i gjj^>.¥ aJ^Lm JJi*o F o\* Z(x,y) iJl»J1S <£±ua& <Ua3 



F 2 - — F z - — F 2 = 



5J = — J{Z + eAZ) 
de 



t = 



= JJ— /"(Jc.^.Z+e AZ,Z, + fAZ, ,Z, + eAZ y ) dx dy 



= JJ(/r AZ + F Zi AZ X + F ly AZ y ) dxdy 

R 

t (x,y) edR J£J AZ = ^ 

ff(^ _ A) + m^v 

\\{F z AZ x + F ty AZ y )dxdy = \{F z AZdy~F z &d)- ft£ F^ + j- FJ* dxdy 

R 3R R 

V*\i (x,y) e dR J£) AZ = jSl 
j(F z AZdy-F z AZdx) = 

BR 

JJ(^AZ, + F^Z>fafr=- JJ(i. F z +-?-F Zy )Az dxdy 
r r ox oy 



"IV 



dx z * dy 

oli^uktj^ SJ = lit. Z(x,y) J^JUil.jSJ 

jsi az=o oiu^./f^(Ai^)^^^^-^^-^;^ ^ 

. ^_ r)iJ^liA\^u^a3\i-uM»>y^U (x,y) & dR 
2 dx z > By *> 

□ 



= j...\F(x lt ...,x„,...,u,u Xi ,...,u x ) dx l ...dx„ e < 2 

R 

^J»jd)j< dR L- ->jo^« UJi < ..,*„) aJUU 

E— 

til (t) 

J[Z,w] = \lF(x,y,z,w,z x ,z y ,w x ,w y ) dxdy e t 2 

R 



F-Y—F u = 



* a* « a y 1 dx dy z > 




A 



</[",v] = J... jF(x l ,...,x„,...,u,v,u Xi ,...,u x ,v Xi ,...,v x )dx l ...dx„e £ 2 

R 

-jJ^\jpiLjLAO) r a v(x„...,x n ) < u(x,,...,x„) ^^g^ua* 

k-Y—k =0 . F„ - Y — F, =0 
v dx, v * " £ ax, 

tPUU I M (r) 

^[z (*,j01 = \\F(x,y,z,z x ,z y ) dx dy 

R 

= J|G(x, >>,z,z x ,z,) dxdy = A 

R 

R 

F +XG Z -— (F z +AG Z )- — (F z +AG z ) = 
dx ' * dy ' 

.-UjV) 4JLu>Vljutt fin Will ^ <J\ jVlj 

"Minimal surface Plateau's Problem jia— : >- \- rjll* 

<LLxLul* " ( W r) JSLiiil jJail" Jii* ^.JU <>• JJ>U Z(x,>0 jla-. jboV 

. ^ u j3i 5 = JJ^Z i + z 2 x + z; «fy 





(\-r) jsla 



dx 



= 



72 

-y ) 



4t 



Z„a + Z;)-2 z » Z y Z ». + Z ^ (1 + Z ' ) = 

^tx 6 L6» o-J- 5 ^ ^ < ( mean curvature) 

^ <>• JJ' * ^ ^ * ^ ' ^ ^ ^ ^ 



t T- \- Y Jll* 

= JJ[^ 2 + 2? + 2Z/(xj)] dy lit 

it- \- rJttu 

J[u(x,y,z)] = +u]+ u]) dxdydz 

R 

^U>>V -jJLj^I <UjU«ol£ 

u 2 +u 2 +u 2 =Q 

ix * yy it 

tt- \- rj\u 

< «(*,/) l^ lam tf jja i rt OUluj i"iUf 1 ili k (>>>>) ^Lu ^tilj Ciaoj * = J 

1 1 

41U») 4iU«}| L.I , T = -m juf dx ■ <u£= ^>J| 4ili»ll jli 



2 o 



, V=-k\u] dx 



J[z(x,t)] = )(r - V) dt = ))dm u] - X -k ul) dx dt 

I, h ° 

* 2 ^ 

dt dx 

*u*»u„=a 2 u x , oV>^3 -mu„ + ku IX =0 

IE. 

. jl*^ < <^=>- ^ jU - ^ a 'im 



Schrodinger's Equation ^j^aIaU* °~ >- 

.^^UJCfcifl, k = -4- = -kV 2 + F(*,>,z) 

)1h _„ ir .t fcAjM **U. V t Au* ^ * < *™ 

, (Energy Operator) AilUI^W (Hamilton Operator) jjlUU^- H < 

. 2 5 2 d 2 d 2 

£ = J[¥ , ¥*] = jfj^* (H^dxdydz ... (1) 

j? 

G[*F , ¥*] = J|}^ *^ dx dy dz - \ ..-(2) 




a^ 2 



3* 



= 0- J^; dx = -\X- x V, 



JJJ^*(-*V 2 +V)T dxdydz = JJJ(it(VT') • (VT) ¥ V] <ica[y<k 
= J{j[*( ^X + + ^z^l ) + T* ¥ V] dxdydz ... (3) 

ul (3) « (2) ^.j 

= JJJjt( + ¥^ + ) + ¥ V + ATT* ] dxdydz 

R 



dx 



( /r *.)-^-(^)-^-(^) = ° 



3* 1 dy ' dz * 

w + av -k [y;, + t;, + t;j = o ... (4) 

VPUT-i^+^ + TJ =0 ...(5) 
Hm = -*V 2 +*PV 

cr*(5) &1 

= - AT ... (6) 
//TT* = - ATT* 



vr 



R R 

<ji jl>j (6) <L o^j^^'tbg 

"Inverse Problem" 4mi<<tt 41L4I : T- t 

aJjUIJ^ y(x) q1i a < j^w F(jc,^,y) Jlj^l jL>o( 

Cul^a |il4i1iii»oF(jc,^ 5 y) <>l^iU AJLUJt Jljddl -ljj^Uj 
ge/> 2 «g:R 3 ->R 

-f W"^ =0 ^>F yy y + F yy ,.y' + F v ,-F y = ...(2) 
or 

^Jj-^JUjiUl^^AJblS F(x,7,/) jfL^x ^yy * o^J-** 
^J^Z^Sq^^ (1) AJ*l*Xt \ J1^4 fUJI l^JU ^LTI «lJ-^UlUI <U jUil 

(^^^^TaT^jl tf! i [a, J^USJU^ip . 

^:[fl,A]xR 2 ->R 

T:[fl,i]xR 2 ->R 

y(x) = g [x^O^y),^*,^')] (4) 
=9, < y{x)=Q(x,a,P) 



y"(x)=G(x,y,y') ... (5) 

G(x,y,y') = g :tx [xJ(x,y,y'),V(x,y,y')] « G : [a,b] xR 2 ^ 
jVlj . (1) j»L_jJt J-jkJI ljI j 4jl i^LaoJI 4-JjL«1I J_1«j (5) 4_bL»il jLi 4_<±£j 
—j-Jbjl 4-JjUI ^ J-iUj (5) «U jUXI jt ( N j ^; F{x,y,y') 4_)Ltfl j_ju*i) 

F-F,-v'F,=GF,. (6) 
y *y " yy yy ••• K ' 

Joj-Ju J.SLJ ^L*. jLajIlj^o (6) 4_bbujl) j»L*JI J_»J| JJUj(l)ol^p-j 
J — SJJ — is*£j (6)4 — TjUlljl — 3 4 — Ac.jt(y(a) , y' (a)) e R 2 ■ 
y' J U , „ i -.t L(6)4-JjU»Al J i ^n'T I »!>>>L.a (*,;>,/) e [a,i]xR 2 

F /y (jc,^,/) = £(*,>>,/) ... (7) 

: <jl jl>o < A: : [a, 6] xR 2 -»R iiu*. 
tf, + y'K y + GK y . + G y .K = ... (8) 
(8) <UjUUJ JjhJI jLfl ^LiJLy < K jjVUt 2- 4_(JL»Lij 4JjU* 

*<W)^f^ ' ... (9, 
< 4jjLI*»I ^^a^aJi IjlcL«$ wu^ua jxc 4jlir>Laj <Ub u : R 2 — > R i*< t _> 
v(x,a,j3) = exp(jG y ,(x,g(x,a,j3),g x (x,a,/3) dx) ... (10) 

^jVti=(9) 4jjLdl,>. ^(jcj,/) AJlaJi jL>o| ^^sUj lil 
F(x,y,y') = \\K(x,y,p) dpdr + y'A(x,y) + M (x,y) ... (11) 



4^^b Uh 4jjULi.1 JIjj //:[fl,i]xR->R t l:[a,A]xR^R 



. 4ia^(6)4JjLdl0^0'^r^ F(x,y,y') 

: >- T- TJ\1j» 

j-j -^ti L^jLU^ F (*,>>,/) J-^lS^ll 4-JbU)l JI$J-JI J_>-jl 

jl ll>o (4) AJjbdl (>• I j( t = ax + /? u<(>j-" 
v(x,y,y') = y - xy' » ^(x,>>,/) =/ 
: ^YI^£^(10)41jI^Io£^J< G(x,7,/) =0 bl y"(x) = 0^J 

v(x,a,/?) = l 

JSLHI jLi-b (9) 4JjLm er^bj 

K{x,y,y') = u(y',y - xy') 
^YL^A^j^UJ^LS^UIj^b^ F{x,y,y') Jlj^il ^ J>u~J!j 

([*(*,;>>,/>) 4><fr = r }£(*,>>,/>) <fc - ]rK(x,y,r) dr 

oo Jo 

r 

= J(j> - /-)#(*,>>,/•) dr 

o 

^jYI^. j^oj (11) Alibdl Jli («u o^»J 

F(x,y,y') = \(y-r) u(r,y-xr) dr + y' X{x,y) + fi{x,y) 

o 

. (6)^UII &*>2 F(x,y,y')j 
bt< z = >> - xr o' t^J-" 
w(r,.y - x/-) = M(r,2) 



5z 
dx 



= -ru, i w„ = h, 



5z 
5j 



dX _ dn 
dx dy 



M(x,y) = w x <X(x y y) = w g utr. ^ u> : R 2 ->R a m> 

. X , /i <jrGiUll ^ ( Uoj^) t J>f 3 J1«j yiJIj 

•• T- t- r,m* 

^UjjJAiL^^ljli^ \ 4-\- i ^ i ^ h *+^1a P = P(x,y) ajJcjpi til 
. P = ma= l.y' = y" o» 4^>J1 ^LJ I ^ 4iLa . 

ul^<j j 2L.L^^l5 t >^j t P = dy ( x >y> t V:R 2 ^R 

^UD gjtrt-V -jJbjl 4JjUI fw-.i-Ktl 4^=^ aJjLw. 

y l>] = f'ti/ 2 + v (*,>>)] a 
y{*i) = yi < y(x») = y 



3V 

- - 

ta-Lt . > o"« J < t^iLa < a^>Jt jj^* 4 3" r. nut P Cul^i I j| Ul 

er* 4^»>>JI U-aU* lil « G jjSilj i x,y,y' 
G(x,y,y') = y'( x ) ... (12) 
e^UiV jo* (j-lc J^a»JI LdSUwi < j»>U* (12) -QjLmJJ f bJI J*J| jjl^ | j|j 
^Jb^u-Uj < -^lyt 4_bU- (12) <LbLdl M 0^ OLJIaJt 

4 -j-L^I (12) 4Jj>UX! ^Ldl J-lS^lj G ^1 

G(x,y,y') = fl (x,j,) + c(y)/ 2 ... (13) 

(9) A^Ult 1. w 4Jlalt o» . (12) ^Uli (jj^ 



w 



K(x,y,y') = v- l [x,f(x,y,y% x ¥(x,y,y , J\ 

01 (13) » (10) jruJjUll pluS^-b* 

v[x,Hx,y,y')^(x,y,y')] = e i{ J = *(*o0 

^jVl^a (1 1) (j£ ^3 

F(x^,/) = ^-'(Jc.^y 2 + la(x,y) 0r\x,y) dy ... (14) 

/ = a(x,j>) + b(x)y' + c(y)y' 2 
./[>>] = \F(x,y,y') dx 

a 

. (14)4JjUU»4i>** F 



G(x,y,y') = a{x,y) = ^ 

^A(14)AJiUXt j^JJ 




J[Z(a:,j)] = jj(Z„ + Z„) 2 dxdy (|) 

^] = JJ[i + kz 2 + z;>] * * u) 



= JJJ[«, 2 + u 2 y + u]] dxdydz 

R 

J[u] = JJJ[k 2 + u\ + u] + 2uf(x,y,z)] dxdydz (j) 

R 

o-S*j ( pWi -m ) ^yuL^jL* jj (vibrating membrane) Lie ( y ) 

: J£<2Jb 4JjLm < y>. ^. 
R 2 ^^Liillja^^^^ (Xj>>) e R J£J Z = Z(*,jy,f) 

C Wl4_J^UJ|a^| a ^^ l5 ^^ < v =f |J(Z 2 + Z 2 ) 

A(Z) = {(T-V)dr =l|'|/[^z 2 - * ( z 2 + z,*)]**,* 




(x,y) e R JSJjit e [t ,t x J£l pZ n = K{Z a + Z„) 



* 



^jiddJ (u&js iju>Ju») l>.>». ^ = y(x) cuifia \a\ (r) 

J[y] = \F(x,y,y') dx 



UjLus F(x,y,y') a^jU 



ul^S C , d^uj>. y(x) = ^c 2 - (x - </) 2 ( t ) 
< £ g R * y" = -ky M 



oI^xjj L«aJi£j < <j*j)I^L» tjh «» j m 4 ^,1^ (-flj^JoYI j}V*n'% <il^»«lj L*al^ 



A^ja^U JaUij 7 \y\ ^11 Oil jxiill (JJLulj* x\- i 
. (jrjj'i-H'i • ^^Ia <_il jJaVI ^"Inrtt dl^-nl"? L»JLic < fM^iJ 1 cjLti>»j_4 

^loJI 4^>>JI u» l ji-ntt l J>^>J 4_^pUI Joj^Jf a_jjL>o *>»J1 !a-» p 



T 



= )[F(x,y + eAy,y' + sAy') ~ F(x,y,y')] dx 



til 



SJ=)(F y Ay + F y .Ay') dx ... (1) 

a 

a 

= *f (F _ _i F ) Ay(jc) rfx + F y \ x=b Ay(b) - F y U Ay{a) ... (2) 

a 

Ol^i-f <^=0 jlJL»o ' Ay (a) = Ay(b) = Ud^j 
J(F,- j-F y )Ay(x) dx = 



„<*<*JS* F,-^F y =0 ... 0) jU^tabJ 



tfj-ivu** J[y] ^ ****** &***yw 

^ J^lSilJ * C*) ^ im ^ • 0) a*!*** 

FyU^(a) = * F y \ x=b Ay(b) = ... (4) 

. a , b ^ -LyLfli-t «Ub Ay (x) o 5 * 



AX 




i 

.«Gj&4^J ^(1) < >>(0) t^pn = J/ 2 rfr 

o 

. y = ax + b \*U y' = ^» ^1 jdi ^jj^tf «UaLm Uj 

^Ajt (4) JaplJI foiJL-j b , a 
F y |, =I = , F y \ Im0 = 
• J[y] pSUUg^lf^aij* y = b Fy = 2y' = jSJ 



f 



F y ,\ x __ b = j a < x < b J£i F r - -J- =0 



: Y- >- t JUu» 

2_Z> * a t x = b ^-u.?jJ( Ja^JI^I Jju^ ,c-ui*J1 <>iaao j^l ^kIII J£A U 

. (r- 0<J"4- 



= 6 



v = — => v 
dt 



tit 



dt = - dx 



i {mv 2 = mgy j-SJ 



,f2 



f = i - r ^jL dx J&^Uji dt 



/2 



jla^uj^; v = jlgy til 



= c 



.. (1) 



At 



i 



>> = r(l-Ow0) « x = r(9 - Sin9) 
F y . \ x=b = d» ^uill j>,iWi „A r jljjl>JU bl . (cycloid) o^jl^ 

y -U=o 



V2gy(i + y 2 ) 

,>^jSfl4-fcp» JO*. 7(1) ^LWco-U ^uxi jta * /!,-»= u^-^j 

. X - b L*JuA 9 = Tt (jS ^yuau < ^ySfll o«U^» 

b = r{n - Sinn) = m til 

7T 

j/ = -(l-Cas0) < x = -{9-Sin9) 

71 7t 
cij^Vj y " t --' dJ^JS Uale / [ j] ^LdJ 4*>»J1 oUi*oXI : T- \- t 



j^CUi (x,,^,) » (x ,j> ) d\ ^jJLi l 43\*3\ oJJh'L. J[y] = \F{x,y,y') dx 



*0 



y = <f>(x) e^UI eric (x ,j» ) o»J< y( x ) 

ol o^j iilj ^ > = ^(xf (Jl>^ It ^ Li (Xj i&j -*~n \ tlu 

A jl^ilt Ji loniuMS * (*i + <?*i » +<? ^i ) < (*o + £ ?*o . + <?>'o ) 

. (r- <J£i J JbZ\ / = >>(*) + eh(x) <J fa K lU ) 





% x +ox 



(r- t)jSuZ 



A7b] =J\y + eh] - J[y] 



= jF(x,y+eh,y'+eh')dx - \F(x,y,y') dx 

AJ[y] = J[F(jc,^+s*,y+ffA') - F(jc,^,y)] & 

+ jF(x,y+sh,y'+eh') dx - jF(x,y+eh,y'+sh') dx 

*i ■*<> 

SJ[y] = [(F-4-F y )h(x)dx + [F y ,h(x) + FS(x)l£ 
*o ' dx ° 

M*,) = Sy x - y'(x t ) Sx, , h(x ) = Sy - y(x ) 5x 




An 



4 



SJ[y] = (V v - ^-F,) Hx)dx + [ F v 5 y\ + ( F ~ F vv) SxY x 



(1) 



.^7[y] ^JLd^general variation) ^U)l ^Jl^l ) aJjUH 
jLi Axl^j £ J = ot ^i^j y (x) jjic ^^oS <Uo£ J [y] ^loll j^SLj L»iij£j 

[\F V - ^-F.) h(x)dx + F y , Syl* + (F - F . , ) <5*p = 



-> UlOa -> 



Sx Q — >■ U-l1c f o -> 



[F^'+F-y/v -(F^'+F-yF,.)| £* = o - (2) 

FW' + F-y'F y .\ _ = 



(jLfl 4 ^ If j 



f + (T'-y)FJ 



= 
- 



(3) 



lit . (Transversality Conditions) j^Yl I ^tr JJIoj ^lHj 

gj| _^Jjj1 4.1 Jaj jl L->->iJ t tjLA <j^o Ol jjin tt J^Luua J^s J#J 

Col^ill iLjoV (3) 4u-.il jIcYI ^jyuUI f^u.l jti.^- ^-F y - 



F = Fy a^-^ ' cri^l-^* JSL-llLi (3) <>c jjj »1lt : 

lili H = py'-F 



SJ = }(F, -^Fy)h{x)dx + [PSy-HSxlll 



(4) 



AV 



1 




(j SVtQl>-w>tj y(x) C>y*< y(x) <Jr ic ^5_«aS J[y] (ji\J^i o\-Z* t^li 



... (5) 



=0 

(5) oi-a * Sy = iSx = jl-d < x , x x Cc_jl^> blj 



a <x<b t F F, = 



. £j> = /l(x) t Jx = o^' X = 6 <X = a ("iM^n lil La1 



F(*,j,z) =^(x, 7 ) Vi + y 2 







F., = 



F + W-y')F y =0 => 
F + (¥' -y')F . = => 



(i + >>w 



i + / 2 
(i + 



= o 



= 



1 + / 2 

= - 1 i y'<f>' - -1 j1o*ijL^l*j 



AA 



y(6) = 6-5 i ^(0) = i j[ y ]= [ll—*— dx 

o y 



+ y 



12 



lW1 

£j| ^ V _ jlyl 4JjU1 JjVl <>L£UI tit 



W 1 + / 2 



t y-yj I + y' 2 = - — = c <jl 
c, 

< y = -Jc 2 -y 2 o^^Uly ] 

■V " j 

.(c 2 -y 2 )~*ydy = dx \ 

.(x - a) 2 +y 2 = c 2 bl 

. a = c til< ^(0) = jSJ 

pjni ,»ti cya (5 , 0) ^ Un\u ^(jlji ^jls ji-fl ,o o-^j 

oL£4_Jfij < (x - 5) 2 + y 2 = 25 tot. OUu_ui)lj$^Hj» jJolaj >>(Z>) = * -5 
^ijJLt (/j irtrttl (.m^JI Jj nWt J-SUj Ajla tPUJbf 7 = + V 10* - x 2 
JSLA 7 = jlOx - x 2 < j = -<Jl0x - x 2 ajJIaJl j-^^l^-Si^JLi* J[y] 

(l- t) 




y = x - 5 




*• x 



(i- OjSL£ 



FJ =0<F y -— F y ,=0 



J^o)*-^' ^ J[>»,z] =)/r(*,y,z,/,z')A 



Ol Ja*V < UxS ^JUj J[y,z] ^JIjJI J*>J< , z) < ^0,0 

= + 6y,z + 6z,y + Sy',z' + 8z') dx - ]F{x,y,z,y' ,z) c& 

"r 

= jF0c,j> + Sy,z + 5z,y' + £/,z' + £z') - jF(x,y,z,/,z ) <fr 

+ jF(x,y+Sy,z+Sz,y'+Sy',z'+5z t )dx- ^F(x,y+Sy,z+Sz,y'+Sy',z' +Sz r )dx 

lit 

j j = - i; F ? )Sy + (F * - i^ F ^ Sz] * + I F Sx + FySy + Fz ' Sz ^° 

or 

F,-^-F z , =0 ...(2) 
[f £x + F y £7 + F z , dz]^ = ... (3) 

jl i = 0,1 < z(*,) = z, i y(x,) = y, jl MtSaji lilj 

Sz\ = Sz,-z'(x.)Sx 1 i Sz\ r =Sz -z'(x )Sx 




.. (6) 



o\ jL>o(6)«(5) t (4) < >ij 

* X I X^Xq ' * *0 

F - v'F, - z'F, I Sx x + F y | + ^ U + +» Syi) = ° 



[p-/F y + (#;-*')F.-]**o + (F y .+f yo F,)Sy 0ix ^ 
[F - y'F /+ « - OF,]**, + (*>+ 4/*> L=^ 



= 



[f - « - z')F, ]sx x + (F / + |=0 ^ ^ 

lit < LJul l -M' ^V 



F y +4 F, = 



... (7) 
... (») 
... (9) 
... (10) 



x^j, 

. (2) * (1) 5*1^* g^ iUX i* 1 **' ^ 



,) « y = #(*o) ^ ' ^ ' Zo) bl ( ' ) 
aii . *, = ^OO < j'i = ^ t 23 > * ' 2 i> 

<5z = ^'(x ) <S* » £yo = f (*o) 

£z t =^'(xi) <?*i < ^ =f 




F + &-y')F y +(r-z')F,\ = 
F + (<t>-y')F y .+V"-z')F 2 ,\ r _=Q 



I x = x x 



■*1 



i = 1 



1- t- tJli* 



=*(Wi) Ji^lil* /b,z]= }A(x,y,z) *Jl + y' 2 +z' 2 A 



(^>+^^)l,. Ji =0=>/+xV M =0 



iT- Y- tJll4 

. Z=i//(x,y) t Z=t(x,y) jj*»l»^Jt <^u *uu Ji1 a*y 



5r 



A(x ,y ,z ) < L = ]j\ + y' 2 +z' 2 dx 



*0 



I ftA^ilj—^tf-j—iyt^l Mj» *U *3 l Z l =V(Wl) 

• F yy F z ,,-{F y ,,f * ^ y*F,, + z'F,, = , /iv y+ z"F yz , = 
j ^y. ^ z = c 3 x +c a l y = c x x +c 2 oL-a4 Mrj z" = t ^* = lil 

a^j-wJIj* ^(jc ,y ,z ) jl^Z=*(x,}>) gfa^Jt „ . t i 

. B^y^z,) ju*Z=if/(x,y) j^JI ^ 



< J[j,z]= JO' 2 +z' 2 +2yz) dx (PlolJ ^^-aiH ,^Jt oL^i* a*.jt 
x = tfji-MJL ^ (x,,^,^) <^ Ulu Z(0) = « y(0) = 

U» Jf{y, z] ^HjULI (J^^ O) Uj 

F - —F v , = =>>>"- z = ...(1) 
y dx y 

F -—F, - 0=>z"-y = ...(2) 
z dx 2 

o\ a»u (r) i ( auijuxi 

y = C l e x + C 2 e' x + C 3 Cosx + C 4 Sinx 



Z = C x e x + C 2 e' x - C 3 Cosx - C 4 Sinx 

lit < Z(o)=0 i >>(0)=0 JSL* 
C t +C 2 +C 3 = 
C, +C 2 -C 3 = 
jlIc ^»lj^Vf J»>UI ^) C, = -C 2 Jli^LUbj. C, +C 2 = 

(F -/ F,-z' F z . ) I I=Xi S Xi +F y l =Ii S yi + F,\^ = 

j^J^aUlu <^ = lil< x =*, &$^lmX\'£-^ j ^u B(x 1 ,y l ,z 1 ) A ha . t ij 
. F z ,| x=Xi = _j ^/|,^ = oLa^Mi «4jjLo»1 ^, < S y 
Z'(x 1 ) = , /(i,) = fl F z . -2z' j f y =2/ ^ 

C,e* - C 2 e"* - C 3 Cosx, + C A Sinx, = ... (3) 
C x e x - C 2 e~ Xl + C 3 Cos*,- C 4 S/hjc, = ... (4) 

C, - C 2 e - * 2 = 

oLi^JLUb^ C, = ola^j' C, (e* 1 + e~ H ) = til C 2 = -Q ^SL' 
. C 4 Casx, = oli^j C 3 = lit « C 3 = C, +C 2 jSi . C 2 = 
^i-dtt "t t ■•^•- jjt"^ ti^ti A ^-^'jt_j/ (7 4 = jli<Coix, * ot-^= 'it-* 

. J = i Z = (OjiVmitt igjprtrtP 

< j ->i if> ft ilk 

Z = - C 4 Swjc < j> = C 4 5mjc 
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< x x = — + nn JLaiCosx, = o*-^» M L-*< 



1 



Hamilton - Jacobi Equation - O^ 1 * ^l** *£^_* 

jb^Vo^,/)* - (i) 

t b i A <jt}j (geodetic distance) juu^-u* 3 ' 5 (*i > ) ' A ( x o ' ^° ) 
.BiA wLiS^^U (single valued function) 4uuiJ1 oa^J ^ s t>l 



, L^»Uu|j 4_L^J( -£=Jj OLStJL^I ^ JUi-J ^iltj y?1 Jl* f****JI **J- 

A^^L. 5 = {x,y ) « Ulo A^li ^ = (a, j a ) Ji o*>** j'Vlj 

AS = S(x+&, y+Sy) 



i 



^ U.ds = 6J lil.(o- i) J* 

4i\*HiZuL»t(y- \- i) ai»4.(5)4aiUJi 



_<S < 2?(x + £jc, }> + £>>) 



A 




B 2 =B{x+Sx,y+Sy) 



etc 



as 



= p 



... (i) 



tt/ \ a 

— + H(x,y,— ) = 

St 9y 



(2) 



H =H (x.y.p (x , y)) = P y , -F < P=P(x,y)=F y , 



. w ij^ il i — O^lLalA tJlLx* l^xlr (jltr>j ^yJlj 
a ^••^ i ^^aLx— JjiLtL* AJjUi !>Lk S=S(x,y,a) Cot£> lil 




3S 

• J[y] ^il^lJ j> = y(x) i ( i^xoll 

L|U>*lt 



_^_r as " 

dx \ da 



d 2 s 



d 2 S d 2 S dy 
+ 



(3) 



a>>aa <ir 

a# a 2 5 



dxda dP dady 



dx 



yda j 



d 2 S 
dyda 



(cty_dH 
dx dP 



... (4) 

dx dP ^ 
□ 

jUaj < ^j^L^ - u5oL»L^ 4_>jU1 S -S(x, y, a) o\-£=\*\ 



da " dx\da J 



i— = P iJiUJbciH^Ctjli p 

da 



iy=y(x,a,P) <jl-» 



d 2 S 
dady 



* 



35 



dP 
dx 



dH 

dy 



ay 

a/f _ dy 
dP~ dx 



jfas^ A d 2 s . d 

— — = i * i — 

dx\da ) dady dx 



ds_ 

da 



d 2 S d 2 S dy 



ax3a a>>3a dx 



□ 



dx dP 



dP__d_ 
dx dx 



r dS_^ 



d 2 S d 2 S dy 
+ 7 



dxdy d 2 y dx 



d 2 S d 2 S dH 

+ ^--^r -(5) 



dxdy dy 2 dP 

* 3S 
01jlk>< y ^lA^JbJ^bLaUb tijt — + H(x,y, — ) - r&l 

dx dy 



d 2 S -dH dH d 2 S 



dxdy dy dP dy 2 

dP _ dH 
dx dy 



(6) 

ol ^ (6) < (5) &> 3 



••i 



ds „. ds as, n 

dx dy, dy„ 



dy, BP, ' * dy, ' dx 




a?. + )2 = o 

dx 4 dy 



4 tic 



9a 



= _a 2 x+2a;y + /? Iil«v = 2a>> + /? 



if? 

OX 



■aw = aw - (f^) 2 (f ) 2 + <fr) 2 =*w^ l w 



( - Cj\ j ' CiS's A^iY^>- AAtii i tn a3*1*a < _ r Aj 



,O0-(^) 2 =« < (|^) J -A<*) =« 



ap 



5y «r 



0? 



dP 

jc.mi ^^jLc — = /? ^aiuJll aJjLjl* t ij 



,O0-a 



r- r- tJtt* 

b 

J[y,z] = \(y' 2 +z' 2 -2cz) A 



H(x,y,z,P^P 2 ) = P,y+P 2 «' - F(x,>>,z,/,z') i — + H{x,y,z,P it P 2 ) = 
P 2 = F, i P x =F y t F = y' 2 + z 2 - 2cz 



i P 2 = 2z' « />, = 2z' 

H = y' 2 +z' 2 + 2cz = -P? +-P2 +2cz 
4 4 

2 dz dy 



J La AjJLcj 
P, =2i4-2cx i P { =2B fc] 



t z < = -P t y' = -P x =B Jl • Culji ^ , 5 41 



2 

// = 5 2 +(^-cx) 2 +2c(^c-|cx 2 ) =^ 2 +5 2 = a oU^bj 

— + or = 
dx 



Extremals With Corners 



t-l 



oui*^. u-ii-it Ail— JjVi 4. liijin ^ ^ i*^e tf^J < 



Reflection of Extremals ^i^ail fwuttl &Iul>Ju» ^IS^fc 1- t- t 
C (*,,>-,) atiS.tl jLlc^Uaul jlw j5(jc 2s > 2 ) 4->«5»$< ^CWo) 

^ [y] H-^Lixi (•*<>•$« ) * y\ x \ ) of t/t « 

J[y(x)]= ]F(x,y,y')dx+ \F(x,y,y')dx 

*0 x \ 



y 




5 J = 8{\F{x,y,y') dx) + 5( \F{x,y,y') dx) 



* 2 *1 

J 2 [ 7 ] = Jf(jc,^>') ji JJj] = \F(x,y,y') 



dx 



= [F + (^'-/)iv ... (1) 
<5J 2 = [F + W-y'Wyl^Sx, ... (2) 

<yjy S J - 

F + (<t>'-y')F y , U r =F + (f-y')F y | w tfx, 



F + (<f>'-y')F y 



= F + (</>' -y')F y 



.. (3) 



FCxpj^yoo) 




(Reflection Condition) ^IS^itf I Ja ^1 4 M<» t3 iu j ij^j 



J[y]= \A(x,y)-Jl + y' 2 dx 



F(jc,^7') = ^^)-V 1 + ^' 2 

JSLill ui*L (3) ^ISjljVI d» yS> \ il 



2 * =;t l 



^'(*i) = tana , /(x~ ) = tan /?, < y\xl) = tax\.p 2 



\>6 




(V- t)jSLA 



1 + tanotan^, = ljjan^tan^ 
-Cos (a -A) = Cos(a-p 2 ) 

-*o 

: .j*-M ^ ^ ^ **** ^ 



*l 

J[y] = \A(x,y) y/l + y' 2 dx 



"Refraction of Extremals" (n^ at ' p •' 1>l ''' »' - C M >T- t- t 
Fix^y*) 4J|jdJu1tH»>^3 i J[y]= jF(x,y >y ') dx^ 

• (A- t) JSLUI jJajt . ^1 4^,1*^1 III* 




./[>-] = dx + \F 2 (x,y,y') dx 

y = +(x) ^.i^l^U^j^ ^(*,y,/) = F(x,>-,/) 

jL-Ict ajua* ^ g^t, » ^ ^^^^ ^ACcCB (^^l) 



j 



SJ = S \F l (x,y,y') dx + S \F 2 {x,y,y') dx 



^ / uV* (The refraction ConcUtion)^^^vj^^^a-*j J 

F l (x,%y(Jtr)) + [^ 1 )-yur)] ir i/(^^ I> /(^r))= 

^Ocy./OO) + (*'(*,) -ZOO) ^/(^^'/(O) 

V— t- tJtt* 

= y) yjl + y' 2 dx 



J[y) =)Mx,y)y!u^ dx + j^ 2 (a^) V 1 + y 2 A 



1 + t'y' 



■ i | - - A ? (x, y) . =\ , 



... a) 



i 



4>'(x l ) = tana L /(x~) = tan/?, t y'(x+) = tan/? 2 o'^'J^U-j 
• Cos{a -/?,) = A^x^y^ Cos(a-P 2 ) 

^[f-(«.A)]_^ (Xi>>i) f 



cos(or-yg,) = ^Qr^) 
cos(or-/? 2 ) 4 (*!,>>,) 



<| i n i ' i t l i^jt— mJjt 111^ tV) 4_J^lj i i j-wj ilajrt mtl ■ • j~ (jtJ— ' ■**!" 

,yt a.. v 2 (*,y) = 1 < v 1 (x,y)= 1 



A(*>J0 4(*>;0 



Corners Conditions 



vJI^4vAJt:r- t- t 



l 

^(1) =1 « y(-D = < J[y] = \y 2 {\-yf dx 

-i 

J-£*J ^ J^JIoJl iAi3 jJi-us) jl g^lpl <>y 1 Ay] ^ oLa 

(J-SJ < }> = x + c jl .y = u' i^l ' y' = 1 jl 7 = Ull-Ju: L-4Jj 

i y-x j] y-0 d)l_a4 t\cj < c = yV) = l< j( _ l) = 



y = y( x ) = 



-1 < jc < 
< jc < 1 



y(x)6i 



->• x 



(V- 



^ £11^ ^Ui ^ ^ * ! 

f-He^^m^} L-lrf- jl Li* "W^t ^ ^ 

/ = [fl , 6] \ Li* M ^ ^ * ^ ij *~ J ' CUrV6S " 



j*. *| ^1 4&cy>^ ^ **** ^ 



i 



< ijJt 4 V><iitt i > if (3 of i->->«j ^s-Ii Jaj^uJt (jj-* < j'^tj ' J-ii 




► x 

* 



{F-y'F y )\ x=x . = {F-y'F y )\^ ... (1) 




J\ AiUiVb ^jy-^JI o±jt jt U£» (Erdmann - weierstrass) o*\J^s ~ 

r- t- tJH* 

•/Lv] = )(y' 2 -y 2 ) & 




((smooth curveV, 



Stria* 



til 



i- t- tJU* 



. F =y' 2 (l-y') 2 = F(y') oIUj 
j = cx + & • 

W 




2/(i-/)(i-2y)U- = 2 ^ (1 - y)(1 " 2y)U '" (2) 

a\\-a)(l-la) = /? 2 (1-/?) 0-3/?) - ( 3 ) 
a(l-«)d-2a) = f*y-P)<\-iP) - (4) 

fc = « a = \ jl 6 = 1 ' « = 





J[y] = V 2+y3) * 



t- US* 



01 



= 2y' + 3y' 2 til * F = / 2 +/ 3 o' 



f -y 2 *> =-(/ 2 +2/ 3 ) o^^J 



j + 2y s i - = y' l+ V'U -co 



2y+3/ 2 |^- = 2y' + 3/ 



>x=x, 



... (2) 



a 2 + 2a 3 = /? 2 +2/? 3 - (3) 

2a + 3a 2 = 2/? + 3/? 2 W 

= « = _I o^( 4 )' (3) j^^t^J 

K 3 



a 



*JJ>^ ^ ^* 



, L-»! . 4_i^==) JoLni a->->i V "i^i^J 




Ay]= \A{x,y)e^ { ^ dx , A(x,y)*0 




n/ 

y(0) = , Jb] = ](y 2 -y' 2 ) dx 



ft 7t 7t 

x = — ^luAS ^ (—,y(—))^j>£> 
4 4 4 



(f) 



KO) = /(0) = , J[y] = j(y" 2 - 2xy)dx 



. M Ui a rn.u) v'(l) Uixj i y(l) = 

"• 120 



4 

M4) = 2 < ><0) = < J[y] = \(y'-\) 2 (y' + l) 2 dx (|) 



JC, 

X2) = i < >(0) = o < ./[>>] = Jf/(i-y) 2 A ( E ) 



Ax l ) = y l « y(0) = < J[y]='j(y'< -by' 2 )dx (,) 

o 

b 

J[y]= \y 2 -(l + y' 2 )dx U) 
»>0 < J[y]=)y n -Jl + y' 2 dx {s) 

a 



J[y]=l(y' 2 -\) 2 dx (3) 

a 

J[y]=)x 2 y' 2 dx ( c ) 



J[y]=y(x 2 +y 2 )(l + y' 2 )dx 




j^hA^X 4^1£JIj Ajjj^aII Jsj^illl 

< 4_d*w» J^i^i(*jJI •>>>».>} (/jti/****' jJbjl iJo^-ui JjV) Jirtrttl 4- l^t?-^ 

■~f' - oJlC 1 " c-i^kI^JI 4j*<feipl Jajy-LUI £j|>H Jm.it I 2- LLuijJj 

<LjjjU_kAll bL»jy_»SJI J mntt 1 jl.* 1- 1 ' " ! j <4 m4-» > J»LSj Jl j '<->3 

jL LJjtU Ju-aiJI IX* a2j « CiLJIjlJU JyaZ <U4l5Jlj 

Legendre Condition >jl!>J Js^a t \- • 

* * * 

jl * ( jgZ) j J • « < 3^ — — 1 — 1 — ^ 

«/i=2UjL^jiy o 4la_lJ t ^jJLJI js^I^hw^ ^(x,Ak)=— J(x+eAjf)| 
^ - - ds • 

(second ^jLUt (/^'j £ 2 J(x, Ax) = — Jix+eAx]^ jl jl^o 

. J^jAS variation) 



1- 1- o JMa 

olfl « -> R lij ( 

< £ JO, Ax) = — J(x + sAx) L =0 = J'(*) A* 
de 

j2 

S 2 J(x,Ax) = —J(x+sAx) L _,> = ./'(*) (Ax) 2 




jlflt R" JL4^>Lfl-« 

Ax, 



— J(x + eAx) = Y\ — J(x + £Ax) 
de m 



</* , ^#J(x+eAx) 

#J(x,Ax) = J(x + sAx) U = Ir-^- 



^tfJix) 



J[y] = )F{x,y(x),y'(x)) dx e D, 1M ( C ) 



J(y+eAy) = \F(x,y{x)+sAy{x),y'{x) + eAy'(x)) dx 



(J + eAy)= \F„{x,y+sAy,y'+eAy'){Ay) 2 + 2Fjx,y +£ Ay,y'+sAy')AyAy' 
de 2 a 

+ F yy {x t y+sAy,y' + eAy'){Ay'f\ dx 
5 2 J(y,Ay) = fa&y^Ay) 2 + IF^y^AyAy' + F yy {x,y,y')(Ay') 2 } dx 



Lib Jjs^s i X tfJM u-» **>*^ D ^ 




S 2 J(x\At) >0 o^'^^^tiLH-— x* eZ>LjJ»U=» til ( l) 

. Ax e xJSJ 

S 2 J(x* , Ax) < oLa i J(j3\jA3 u ohr 4_jl^j 4_LLaj jc* gD lxjI^d lil 

• Axe x 



A/ = J(x* + sAx) - J(x , Ac) = — ,Ax) + R 2 (x\ Ac, f) u» U> 

<5(/,Ax) = < Z//» ^ (X f" ,g) =0 olU^ 

A7= J(/ + £ Ax) - J(x* , Ax) >0 o\± x' eD CtjL^i lit IjI 

. S 2 J(x\Ax)>0 Jlk^j 
jLfl4_d£j< A/< pLfl < J^JIjlU u ohr 4-A«i4-laA> jc* e£> a_jt£» li! U»l 

. £ 2 J(x*,Ax)<0 



□ 



7(6) = 5 « y(a) = A < J[y] = \F{x,y,y') dx jiJ jVlj 
(5V = j[F w (^y) 2 +2^.AvA/ + F yy (Av r ) 2 ]^ - (1) 

2 jfo, Ay Ay' & = ) d((Ay) 2 ) dx = (Ay) 2 [ - J (Ay) 2 ^ 



liji Ay (a) = Ay(b) = jli^j 

d_ 
dx 



2 Jiv Ay Ay' dx = - J(Ay) 2 -iv * - (2) 

o\ JL»o (2)* (l)j>»J 



I 



ate 

Q = i 7 - -^^V < A >- = h 1 p = F ss & y 'b 

yy fa 

... 0) 





S 2 J[h]= \{Pti 2 + Qh 2 ) dx 



x e 



b 

S 2 J[h] = \(Ph' 2 + Qh 2 ) dx>0 u^=» &i 

a 

[«,*] JSJ i P(x) >Ojl«« = h(b) = c AeD, JS1 



t P(x ) < -P ^a<x -a<x +a<b «><> 

oSil j^'j . x - a < x < x +a 



*(*) = 



, x<£[x -a ,x +a] 



-207? 



lit 



+ 2Ma 



a 



M = max|Q(*)l 




S z J[h] =- tL — +2Ma < 
a 

. x e [a,b] JS3 t P(x) > ojS3 S 2 J(h) > UjO* <l J*j 

□ 

^( Jill ol^» lij 
= 5 « y(a) = ^ < JW = (fa e D) 

. y(x) ^ArftjAl^t/v F y/ >0uls< < ^X\^lAJi^»^ 

J <* « ^V[/r] > I ij • y(x) tt — t&J" — "» 4 — J\y\ip!t>* — u o» I — *J 
w '- -j i = = J__£J < <?V[/»] > O—SJ . = Ay(x)e T>, 
,(x- \- o) AlA^xjtiuuui^ x e[a,b] JSJ P = F >y > 

□ 

b 

« y(a) = A t J[y] - jP(x,y,y) dx e D, <piJ U d\ lil ( I ) 

a 

. jc g [a, Z>] 

u «hr 4-4*4 J[y] ^Jta-U uLi t or e [a, b] JSlF yy < lil U1 




1 

= 1 « y(0) = < •/[>-]= {y' 3 dx 

o 

t ,(0) = & y = C lX+ C 2 ^^v-j^^^i^m 
/ = 1 t F„ = 6? i**'y = * = 1 t C 2 = 0DI^*? y(D = i 

j^^J\y\ ^Udloii^J < * e [0,1] J^' ^yy = 6 > lij 

. y — X nitl 



i 

^(1) = 1 < >,(()) = < 7[y]= jt^xy -y 2 ) dx 



, > j t^ j « 12 x + 2/ = * si»>-^^ J W lil 

, C, = 2 « C 2 = iil « j(l) = 1 * J>(0) = • y = -x 3 + C,x+C 2 j— * 
01±^ 3 l F„ = -2 < I* . F y = - 2/ o-O . y = 2x -* 3 o^^dcj 



Jacobi Conditions ^ah* J l 



- o 



J[h]= l(Ph' 2 +Qh 2 ) AeD, 



• • (1) 



tic 



q/, _A (;>/,') =0 -.(2) 
dx 

h(a) = *(*) = Jo ^ <u3jJ1 ^ A^U3 A^U* ^ 3 



( a 4 hn'ilt (Conjugate Point) ^* 4_L»2j L$j| a <Ua^j j_c JLSj 

jt tyjj^l > 4 JjUI^A — >- h :[a,a] -> R jl £a I j| a ^fl 

. x e [a, a] JSJ h{x) * Ulu = h(a) = 
< h(a) = jL^j i a ^ a " * >1<;: - lil < a ■* t~s-.it ^uv» a j\ 

. A' (a) = 1 < /i(a) - .gyjjj^lq. Al>Ul 

V T- ojtl* 

. >>(a) = 0^(0) = t J[y] = )(y' 2 -y 2 ) dx ^SLJ 



or - - 
J— SJ /»(*) = C,Cojx + C 2 Sinx o\ «<t .d^j t A" + A = jt 

1 a = nn iC 2 Sina = 0^ = 1 £ = < //(0) = 

t ^Lt n a = ra hL>UDI jOa f jL*Ii //(j) = C 2 Sinx jl IJaj 

lit L>L x = 04 Urt'Mt Urt'tJC = n?r 01-*' a> nn »'^- |j| 

J»Uu ju^jjV *JL>JI iL$ * JaJiA x - , t '.r /j(jc) = jL* a <7rOJL£» 




(a,b) o JLX\ L. JL*>i Mi c x e [a,b] JSi F yy > oL£»j < ;K*) g^-*' 

. a ■« t~s-.it <taalj-« «>W>rt'i 



j^j L<i'ij » « h(a) = h(c) = o< ^H»j o j t ■ ?> » fril l eyjj^al^ 



.(>- o) JSji ^ w(x) = 



[h(x) 



, xe[a,c] 
, xe[c,6] 



- (1) 



u(x) 

A 



u(x) = h(x) 




u(x) = 



-► X 



g B (*,«,«') = — g„.(*,«."') 



... (2) 

iPljIit^ [c,fc] j [a,c] 




< F„ ■ u 2 + 2F„. ■ uu' + F yy ■ u' 2 = 2g(x,u,u') 

t 2gg, = IF^-u + lF^-u' 
2gg u . = 2F w .-« + 2 U 'F /y -w' 

2g(x,i/,w') - ag„ + «'g„. ... (3) 

jli^t^bi < 2 g(x,w,w') = « ~ 9*' + ' 9„' u< ^ (3) < (2) j^j 

° - ox 

2g(x,u,u') = -^(ug u .) ... (4) 

d 

i[c,b] [o,c] ^AJL-^-Ob — (ii g„.) lij «>>(*) e D t ^ 

J^W] = \d(ug u .) + \2g(x,u,u') dx 

a c 

"r 

. J d(u g„.) = V4 t u(a) = u(c) = J** 



jLaj^J^j g(x,u,u') = Y*\i xs[c,b] J_SLI < u(x) = 
^Sj^>a «j3 J[j>(jc)] uLi<^5 = lij. j2g(x,M,i/') = 

. ^j-aU^i!*^ t^Aj xe [a,c] J53 /t(jc) = oLi^j* ^(c) = = 

□ 




a 

. ^(a) = < J(0) = t J[y] = fO'' 2 "/) * 

o 

t ttMy t±X (0,«) ^ < « > * W U ' ^ 



Via) 



o« j(0) = o, Ay]=\(y' 2 + y 2 + x2 ) ** 



\j) y-cCosh -J >a JI>] ^lalJ^I^V.jJ^I.UjbwJ^ol Uj 



i F = yj\+y' 2 o\ Ja_*V i L 



. oOJSJ. F„ = 



y 



(1 +/ 2 / 2 



Secfi 



±l>0 



y - c Cosh 

yy' 



f- 
U 

la 



y 



= tant|^j ^ = ^ 



dx 



\cJJ 



+ - Secfi {- 

c \cj 







(1) 



jl '• t(l) <UA»1I "Variation of Parameters" ^-^0 

jl a»u // = zSinh 

^=ASinh 





















+ B 






Sinh 




- Coshi- 














UJ 







ol i 5 = 1 i h(-a) = j-***^ 

















x + a - c Coth 














u, 





jl*^ lij A'(oo) > < h\-a) = -Coth 











Cosh 


< 






I c ) 





< i h(-a) = 0,^ 



a Sinh 



cCosh 



< 






4Jm lS>^ £JSi\ J»j_uJ| jjlm <_y.II 4_ajYI 4JL* ^jII I j^tj 

. " y e I JSJ djLiVI ^iiii AJ[y] ^JIliU tel < j-j-^a ^ ^ v ..tj 

j(Z») = B i y(a) = A t J[y] = ]>(*,>%/) dx e D, ^JUdJ 

: AajVl Joj^JI i " < nV> bl ( y = ^'oi'itl (^Jc 4auu*» 4j±»o» i_Q 4^l3 

gatH-V.^bjl 4J.iUl J* 
j xe[a,6] J*lP(x) = /' yy >0 (u) 

laA u » ni t" a 4Urt'.lt 4U7t\ ^] [a,b] 431411 » jI^JI ^>t»o V 

b 

S 2 J = JJf^ h 2 + 2/»/»' + J;' 2 F yy ] <fe 01 U» 

a 

S 2 J= jfo A 2 + hh' F w + hh' +h' 2 F yy ] dx lij 

a 

= + HF >y ) + h {hF^ +HF yy )]dx 

a 

m 



hF„ + h'F-±(hF y+ h'F yy ) 



y dx" y 



h(x) dx 



hF„-K F yy -- 7 Qi'F yy ) 



tic 



^(^^O^WtyC^-^y)^ - (2) 

dx ax 



s oi «W ^ b ^ ^* ^ 



d , r 77 w„cvU— fF -F..YI = ••• ( 3 ) 



dx 



u dx 



J\ JLpo (4) <(!),>*-$ 



fJ^F^-uF^i^)]* 

a 



V- ^ - — = oL^li!^V i (*'- — ) 2 > 0^ 

liAj = iil < = ^ . Cul3 < = * h(x) jLa ^Ly 



□ 



Y- oJH* 



i 

. y(i) = i < y(0) = o < = jV 3 * 



t y = CX + b u^^J' / = c ^ ^E^*-^'* 1 *-* ^ 

Fyy =6 >o in « y = i < f„ = 6y ^ • y = * < ? 0) = i < y (o) = a* 

ftli = c ur* J[y) ^IJLU^L^^U-OI^J. [0,1] 

V [0,1] jLi^j h'(0) = 1 . A(0) - CLA^LUbj *(*) = x 
LjL 4 fi>i- ^fi OLA ^Uiibj < * = <LL^ ^l^i ^ 

. y = jc A J uaih 

Weierstrass Condition o-Vj^A** 



D ^u-.t i ^Ui cyf*^^J^^ D^R 2 2L (Proper Field) Ui»a 

. 4JLSUJI ila^S JL>.|j£ {j.t.-i *' a t 

. ^ ^ ^ Al^bj^ y(x,c) 4A3Lml\ 

i\- r- oJUu* 

oU< D = e R 2 I x 2 +y 2 <l}cut^W 

U»L>» VL>w» JUj Cuti c lIxjjk i y = x + c «Uj*"" » H Ja$t»»JI ( I ) 
. (X- o) JSLUI^lijh P(x,y) = 1 AJUyi « D 3L 




(r- o)jsl^ 




(r- o)jsLi 



vn 



cai£> lij < *X» )Lj . D 4 atillt 4- t-»L> VLk* J^UjV l*jLa A (x , v,, ) 

D JaLSj J-^ JL^ft J rtxn JL»ai ■-*dH t3 ^AH* O' ^ ■ ^(X ,^ ) 
VUw.Jio> = .y(JC,c) iJLSUJIOtJ^ai^lp" ^OWo) Al^UJI aJi* lac 

. (t- o) JSua > Iij| (Central Field) b>=>-- 




(t- o) JSLi 



J^Ui (^^--^H 3U5l*»» t>— ^ 01 - (o- ©) J^uUt jjiih U>6dh. 

(o- o) jSLil) jJajl . a < n < £ > 



,-tl j iliLc Col^. li) i j;>*a211 ^-oll JL»** ^1 ^r*^» > =:K*) 
> JSu». L»U^L« >> = ;>>(*,c) ilSUll L*J» J-Uj ^Ul D jj^* 




► X 

(V *),JS^ 
ITT 



JL>*tl jLfl < ;4 4 lna'<tbj-»j(^JLJIj y - y(x) tfj miitl (ji j Ju t 

it- r- aJQ* 

i 

. y (a) = t y(0) = 0«J[y] = fO' 2 - /) A ^>SLJ 



(tM_a a J ol . < a < n i [0,a] oJLJi3\ 'L. I^sjj* *X\->*» o±S3 
a sa i^.Ut a-t(^j_^jV a <m [0,a] jl Ja^>.¥. c = 0Uo-Ji£ >- = ^>-«aa 
¥1^* J_Uj V y = c Sinx 4JL5UJI oLa « ^ ujjL£» lit L-«» . x = A Ufi . U 
, x = ^".tt ^uilj-* *l»Uj t/>>o a> 7t i [0,a] tJLa3\ jV 

^ -. ; .«,> uai. Aji ti uLLi-iittp - A »^ F (*,>>, c) = u.t l ^i fol :4_^^U 
JaUj JL^a 4JLSU1I ^»J3 4- I o i p-* uLu^ll pUljhJd) gJoUjj ^(x ,^ ) 
"4JLjUJ( t~t ^^xT^^j^>^X\ laA Jl>» er*^ " ^(x,j) - (jr 1 *-^ t>* 




w 'i^i'itt 1 J " ;> *' j^V>l rtM i_3$-u< J> (x) 4_ f J h aJlj 4 111 ti t o ljif n 'i 4 

I^aj 4 (v- e) JSL^i « Vbw* Ji-utf Ujli tPlUbj * A* Lj^ j>(jc) 

(jl * 4 ^'(*o) = 1 <M*o) = ^ '"ftp) n^J^J^al ^. 



i 








><. i I \ 

■ 1 , 
i 1 , 

■ * , 







Xq Xj X 

(a- »)jsLi 



. A 4lr»rt*itj 



t- f- dLaj^jj 

t E:[a,b] xR 3 ->R AJUll^ft-u 

E(x,y,y',P) = F(x,y,P) - F (spy/) ~^ J} F y y>) 
(weierstrass ^i^A^ «L^1 4J»j[TJ^ 
. uvi - r U1 •) o-1 c^* 1 ^ exceSS Function ) 

i 

= 1 i y(0) = * J\y] = Jy 3 & »! 

O 

Oli^LJbj. y = 1 O^^J' J = Xjl&b**-^ ****** 4*0* 

E(x,y,y',P) = P 3 -l-HP-l) = J*-3P + 2 

r- o 

,31 t [c,d] a [a,b] 

y {x) xt[c,d]cz[a,b] 
y \x) = Y(x) xe[c,e] 9 e e[c,d) 
j(x,s) xe[e,d] 



i < ./[/] fcj «.>>(*) o-^ * ^Lvl tP'^-" u-^ 

,jsa.Ay(c) = o 

g(s)=A/(*)= pWf<& ? (x))-F{x,y,y)]dx+ pfrfae), <f>£x,s))-F{x,y,>r)}dx 

c * 

8J\&=F{eX(fr r (e))-Rs,<Ke,e), fF y + Jy U*Mdx ... (1) 

e 

d a d d 

\F y t„(x,s) dx= F y (x,j(x,s), j x (x,e)) *,(*,*)|' - fe(x,e) -F y ) dx ... (2) 

( jl^>o(2) 4 (l) J >»j 

SJ[e] = \{F y - ^F y )<f> s {x,s)dx + F y {x,<ttx,£),<f> x {x,ey)<f> E (x,£)X ... (3) 

, (Xi ,)' = H«)-y<«) (<f + ^) -y> (</ - x) t r ( X ) = 3,(0 ^ 

t <f, e (d,c) = o iij 

^(cc) = r(e)-y(c) ... (4) 

xe[c,<f| ja< ^(x, a) = >>(*) = ( 5 ) 

: J^»J (3) jl JLJO £ = C j£ 

iv-(c,><c),y(c))[y(c)-r( C )] 

dx 

g(x) = F(c,Y{c), r(c))-F(c,^c,c),^(c,c))-ir(c)-y(c)]F y (c,Mc), /(c)) ... (6) 



< Y'(c) = P * Y(c) = y(c) < ^ (c,c) = /(c) < <*(c,c) = j(c) ^ 

43}LJI$ SJ(c)>0 A*jA3\ lil 
«£(x,y,/,/>) = F(x t y,F) - F(x,y,y') - (P - /) F y ,(x,y,y') 

/> e R JSJ SJ(c) = E{c,y{c), y'(c),P) > 

□ 



.feR J£l £(x,j>,/,P) < 
ij^ai i^jS iLlill J«hUI ajl>o ^Ul <UjV) 41ft ^11 ^1 I 

4^ 



* 

^(6) = 5 . j/(a) = A t J\y]= \F(x,y,y') dx e £ i 

JSS E(x,y,y',P) > j a4J»^4Jiilj^4J^\£t<£>*o V [a, b] 

. y(x) ^,1*^1 <>c 4j$i *ul>w« t5>i-» 4^2 /[y] ^i|jdl<jli< PeR 

. (V- «)JSLA 



AJ = fF&y,?) dx - j>(x,>>,y) dx 

c c 

K\y\ = j[F(x,y,P) +(^-P)F y (x,y,n]dx 

or J 

c 

K[y] = jt^,^ - P/^,/")]* + F P (x,y,n dy 

c 

L$r Jjj>. ^Ll) Jfx,^] ^laJU (exact differential) j»L5 Jj^Uj J^tSo <>c ijjLc 

SJ = F y (x,y,y')dy+[F(x,y,y') - y' F y (x,y,y')]dx 

J[/Tftj>,.P> + 0' - /*) iv] dx= jFQcy,f) dx 

c c 


Hilbert jji" ^n^w. *k-, l i *K-tn.-> -j" J ''^'>l ^ j'* 

. " invariant integral 



\F{x,y,y') dx = \[F(x,y,P) + (y'-P) F P (x,y,P)] dx lij 

c c 

<jlf> 4 jlrj i c jlfiiflltjLLL-vl (^1 Jj it-iri'i c = c jju^J 

AJ = jF(x,y,y')dx - \F(x,y,y') dx 

c c 

= \F(x,y,y' ) dx - \[F{x,y,P) + {y'-P) F P (x,y,F)] dx 

c c 

= \[F{x,y,)/) - F(x,y,P) + & - P) F P (x,y,P)} dx 

c 

= \E{x,y,P,y') dx = ^E(x,y,P,y') dx 

c 

^jJ^^U^S J[y] <pudl <j£ < AJ> JI^uli E(x,y,P,y') > o& 
t A J > Jl-9< £(x,y,y,/ > ) > jL^a lit L^lc ^(jc) ^iat^ ^ i^* 



•/fr] = \"(x,y) Jl + y' 2 dx 

PeRjX F yV (x,y,p) = n{x '?\, > 



a + p 2 Y a 



. JL>w*J Aits J jSL*JJ (jrj'ViiVitl (jrul^J j-o-l lA m-h' i I I 



J[y] = [jyTh 7l + / 2 A uLi 

. ' ■ j -» CtjLj Jl^A /l i-i->.>- 



V 1 + y 



fy + h 



>> + h - c\ 



f V 
x 

V 2c i J 



>>(0) = </(0) = a ^IjIjVI 



in 




F.,= ^ y >Q 
yy (i + y 2 )^ 

. 5(1,1) < ,4(0,0) j t ul»^1 < iu>Oi£.>^(^4^*^(^J^^ 



7 = c x X + c 2 

,^=^,=0 oL_3<L_a*j < y = jc !ij«;Ki) = i « ^(0) = o-^ 

(*^6-J < > = x t t iy y = 6 > jLi^LULi, < ^/y = 6y 

</j'(0) = l i'i /i(x) = x U«J^i ft' = C ^^L^ 4_t.>U- 

E(x,y,y',p) = p 3 -y' 3 -3(p-y')y' 2 

<jt jl>J y-x (^ j n~i < i i U J$l» ^yiftj 

= p 3 - 3^ + 2 

mi J?-" ' " -j tE(x,y,y',p) < l P < - 2 

SjLil JUJL>o i i»iV>tl o^SLj o2 ;4itt»»5L« 

= F(x,y,p) - F(x,y,y') - (p - /) iyC*^,/) 

E = E{x,y,y',p) = ^ (p - y') 2 F y/ (x,y,a) 

>A ^^iaKUl ^ J[y] ^JtJJL» »ji 4j1-n« t£>*"» 4-^1 Jaj-ill 

. F , . > 



ur 



i>0 1 fl>0 1 7(a)-* * y(0) = 4 y[y]= J(6/ 2 -/ 4 



F = F(j,y) = 6/ 2 -y 4 + yy' 



F-y'F, = c, 



jl L*j 



. y = cx + d jLfld-icj y =c JlJL^i 3/ -6/ ^OLiA^lftj 

y = -x jLaA^i' c = - tiji jKtf) = 6^P-J< y = cx lilt j>(0) = 



a 



E(x,y,y',p) = F(x,y,p) - F(x,y,y') - (p - /) JvOcv,/) 

£(x,y,y ;J p) = 6^ 2 v - >p- 6y 2 + y 4 -yy'-ip -t)W- 4y 3 -j» 

= 6p 2 - p* - 6y' 2 - 3y 4 - \2py'- W 3 

E = £(x,y,y,p) = | (P - V) 2 F yy (x,y,«) 

Fyy = oM> *>y (*^»«) = 12(1 - a 2 ) 5i| i ^ y - 12(1 - y 2 ) ^ 
^^^^^j, < - = a < 1 ±S*F y , y , >0 lil. a = +1 jl ^ 
a > 1 JSJ £ < lil< a > 1 JS1 F yy < ^ . ^Uil <ui~ 



b 

J\y] = )(y 2 + y' 1 - 2ySinx) dx (J) • J[y] = j* 2 y' 3 dx ( ' ) 



y(x) = o< ^ < J[y] = \(y 2 + y 3 )dxz t[O t l] lii (x) 



■ J[y] 



y( l) = \ iy (0) = Q l J[y] = \(y 2 -y 4 ) ^ lil (r) 



. £ 2 J(0,A.y)>0 Ulo A_y JS3 £./(0,Aj>) = JlCo3ti 

i 

. y (X) = i < y (0) = < = \(y' 2 + y')dx ( i ) 



j\y\ = jiTy 1 * U) • = V + / + y 2 ) * < *) 

J 

. a>\ t j[y]=)(y' 2 -a 2 y 2 )e 2 > dx ( *) 

a 

: ^llaJt ^ J-^l pis** 1 * J-j- 4 ji^e Ja (o) 

a 

y(0) = = . J\y]= \{y' 2 + y 1 +* 2 ) dx 



a I . (2~ 

. }>(«) = * < >>(0) = < J[y]= j\ y — dx (l) 

o il y 

2 

. y(2) = < y(0) = l<7[y]= J(*/ + / 2 ) A M 



. j/(0) = j(a) = i a > i J[y] = J(y' 2 + 2yy' - 16/) <ix (*) 



2 

. j;(-l) = ^(2) = l « J[y)= \y'{\ + x 2 y')dx (j) 

-i 

^1J_JLT J^j^jlJIj (1,1) < (-l,-l) 4 >01^1^jU.l^l>JUtLL^jl(v) 

1 

. iSjjLuo JO] = |(jc 2 / 2 +12>> 2 ) cfcc 

^ijlii (/^aij (2,5) « (1,3) ^"hrt'.rujm ^>^ai juj-jt (a) 

2 

. a^jfl J[y] = Jy'(l+jc 2 >' r ) tic 



• K5<) = ' J(0) = -1 < -/M= J(V-/ 2 + Sy)dx (I 



2 

.^(2) = 8 t ^(i) = i < j[y]= j^V' + ^y)^ (o) 

i 

1 1 1 

•>'(1) = -^ 2 < y(0) = - < J[y]= \(y' 2 +y 2 +2ye 2x )dx U 

J J 

a>0 < < 6 < 1 t y(a) = b < ^(0) = 1 < j[ y ]= jJL dx ( 

o y 

. a,b>0 t y(a) = b < >>(0) = < ./[j,] = "f— dc U 

/ 



un 



. a ,b>0 < y(a) = b < y(0) = < J[y] = J— A ( j) 

^ 

• j/(2) = 4 < >>(1) = 1 'J[y] = )^ dx (j) 

1 y 

3 

. y(3) = 26 , y(\) = < 7[y]= J(12x>> + / 2 )<k ( c ) 

1 

'A . 
.y(-) = \ i y(0) = < J\y]= j(y 2 -y' 2 + 6ySi n (2x))dx (j.) 
4 o 

2 

.^(2) = 3 « y(0) = t J[y]= j(y 2 + y' 2 -^y)dx {^) 



l 

y{\) = 1 < 7(0) = < JM=JVl+>^^ 

o 

1 

y (\) = l , ^(0) = « J[y] = J(y' 2 + / ) ^ 






'Optional Control" Ji*Sf1 p£*XS 



p . an i^ijju "Optional Control Theory" Jl-Vt ,tf»-Jl 4^ ^ 

si, (Control Variable) (*s^ ata-i* ^0*3 ^ « oLJIoU ^^iJI 



j.^At t ^ Lu.UL*f^A-J < ^' 

j/VI 2, L^Lu ^ ^jl < <«J~5 ^ L - at ^ 

,,-..ti 1. JjLSj < ^LS^JI O^l^l ^J3 ^^f^ ^ 

jOJI 2, LJjUij « A31fl..^ o^45 oULJ -uttAl la**, AilSSlt < ^ 



ciJICtfl j-j-ft^oj ^H>3 a,LaXI i^Lu-i V_l 

5,^ d L-aSf1j c^l^-Jb ^*iJ'j ' cPl—i' b^Jt^ 4- 

t j= jF[f,X(/),f/(0] * 

'o 

i/(0 = (m.(0,--.«.(0) eR" < I(0 = (x 1 W,^(0,...,^(0)^" ^4 



.(state function) 4JUJI jl j-a^l a*-^ *(0 U.I ^Will ^jJI 



UA 



>LaUI jL*XI L-.I « (control function) ( *^>JLJ1 AJb 17 (0 <^*-^h 

•l. aju r j^ 1 * < ^j^b ^' (0 = 9< (' > * (0 > u 

t E/(r)eR" < X(/)eR" • J = Jf[/,X(0,^(01 <* 

'o 

j.H0^oW^ *(/„) = x < x\t) = g(x(t),u(t)) 



(i) 



US^o ( *S*UI e^d5 ^(Autonomous System ^Lufe UU« a)(l) r Uiill o 



2 , IT 2 .-. 



g(/,X(/),f/(0) = aX + fiU<F{t,X(f),U(t)) = X 2 + U cM. 1M 



x(r ) = x ,r (/) = «K0 + /?t/(/) < ^ = 1 (* 2 +c/2 > 



<0< t<*<x'«) = Q(t,x,u) = ± Sin U{t)<F(t,x,u) = x 2 Cos 2 u *3Ui. M 

j£ *(0) = ^ 



x(0) 



= * , x '( f ) = I 5/« «(o < ■/[«] = J* 2 (o c ™ 2 «(') 



cF {t,M{t),U(tj) >yU4JUJU^ft4.4_J J—^ ^XHj ^LijVI Jjlmj JUI 

^Mntj tAT = —j- = g(t,M,U) (j'-a^ki* L*^' ^H^-* JUI l^'j J-**^ U*< 

<1 

M' = F(t,M,U) <J[U) = \F{t,M(t),U(tj) dt 

'o 

r«'tl ^ lit < (Admissible) 



[/„,/,] ^yic (Piecewise continuous) ^LuaTcoj ( f ) 

.(Constraint Set) 

Jo j^S\ 61 i (Admissible Control) J>^SXI (*si#*iit fla^^u*) 61 ^ - v 
^i4i X'{t) = g(x(t), «(/)) -u.»uxi r G [f ,f,] « x(/ ) = x ^ LLuVt 
i1uj>. < (Piecewise X Smooth Solution) 



1*< 



jjw, " B ^ ^>~- ^ ^ ^ 

. X(U e B , X(t ) = x U .R>" Target Set d^i 



.y- \- nLAi>*5 

"Feasible ^j^f*^' tf:[*„,M->R" ^ 

t ^ L-aM W « *o ^-k^J» Control" 

. e B < JfO.) - *o ot ^ * = ['. -* R " > J1 
= 9(X(t)Mt)) fi*^ o^e * *('.) = *o ***** ^ ^ * ^ 
o» < f^' (Trajectory)^* ^ ^ * *~ 

S ^^lcjM^ x, = X(t x ) ^o^^s'^^ ^o) - 
^^j^ (Terminal Surface) ^JjSM c^J* C^ 1 

Jld S ^ » = n = 1 U^j . R" +1 ^ 




(v- -Ojsla 




(Optimal JJuVljU-ll < 4 jU«tl 4-. nt ^l—all jl J-jL&IjLuII t^>-"^ 
A oU Ji-Vl jUdl >* x a CcJl^o lil jl>J i ( \- l) JSL^JI 4-j .trajectory) 
jLi » bLi** X ft OLA. lit L^l * ^U^l Cr*J-H < ^U^' 4-**^ Or-* 

. S i_a3^1}t 

(Joining) jl < «: [/„ ,/J -» R M Jj-ji* «>c J 1 - 2 ^ 

u(/) = v(/) o\Ja\3\i u):[f,f 1 ]->R M < v:[/ J] ->R m Cxfs-t** C&&»^ 



«(0 




j a-.u<-* . y[t F]-»R" J*J] I < ***** U&>3 v:[f ,F]->R m jYlj 



4 



i z:[/,r 1 ]^R n J^ljU>.tf > ^US*o u):[r,f 1 ]->R m iJ[v] *p>Lai 
/ e [* ,n J **x if) =y<f)± ^x(t ) = x * 1 x:[t Ji] -> R" 

, uc-.u ^^, J[ U ] = J[v] + «jl_fl< / e [F.rj J-SJ AX*) = z(f)' 

. iJlJISUI £3**** ^jLuJ <UlSJI 

4_feU« j'" a ! a. ajIaj-Ix* 4-—t i oLjJuI (Optimality Principle) 

£ = { x e R" | x a^^L^ } 
£* = { J £ R" | x ju* J&Z* p£>2 J*-& ) 

J »JI J Ijj * x J_lt J— (*_ SL>o u*:[/ ,fi]-»R" utt^J— ^ 

ntn it<";ti y* = foy.jr'ljjC-Jji x*(f ) = x i x':[t ,t* 1 ]-*'R n 
^ .-.n^- tviftj * e £' ilu^ (optimality control function) 

AljljJSI J-^' ^ J-"** 4JI uJLc tpvu ^Lllj OUiJ 4*11**1 auAti ^1 jVlj 
4^2u2l1 uiljljJUl CO$J 4LUp» ^1 2L 4 n« « ^1 ^1 J>»-aJJ d^i^HI 




t x J_lc I y^S jt tnu^l L*£*o < M* : [/„ ,*,*] -> R m J>L£» lit 

4_!L»Jt 2- ljLjjVI < cP-ol («uS^J M* LaJL_i£ ^dt i ~ ii V i <n 

J[jc ,k*] = J[x ,v,j] + J[* (F),U),z] oiU? 

J * j. a M * ^L^s til L*W / = / JlIc^LusI^ u'oi^a bl f e [F,f*] J-£J 




(r- 



t v (f) = lim m'(0 = u'(F-) 

<->■(- 

U)(f)= lim w*(f) = u(t+) 

<->r + 

>0t 



« x(F) = x*(F) i x: [i ,r~] R" J-^JJ jlJ>« x*(r) jlJ^ u : [t ,t x ] R m 

o\£u^ii x(F,) e B 

J[x*(t),u,x] < J[x*(t),w,z] 
J-SJ *(/) = 3c (0 < x(/) = >>(/) j x(/ ) = x j x: [r ,rj -> R" J_»Jl jJjj 

_ _ 

lijiJLJI SIM^j ^jl uu4 .JSJU aiSLUIj ?t / e [r,^] 

• ' G [/ ,/ 5 *] J **(/) ^ 

□ 

: ^<-kHT u <hitl <Um^JI jL»ot 

'l 

o« U-^ij *(/„) = x , x' = g(x,x(t)M0) < A«] = j> <# 

'o 

ijli < ? j^ull^ t ^^i3 ' = max J[w] 

h 

J(x,t) = max J[t,u] = \F(j,x,u) dt 

«£(/ , 

jSJ . max J[w] = J (/„,*„) o&s 

u eU 

I + A/ I, 

,7(f,x) = max[ J>(*,x,h) <# + jF(7,x,w) <#] 

_ '! 

J (t + A/ , x + Ax) = max Jf(/,x,m) dt] 



100 



( + A/ 



J(t ,x) = max [ \F(t,x,u) dt + J(t + At , x + Ax)] 

ueU J 

ijLfl< la*, ojxiua At ~n\" i I'iIj 

( + &i 

$F(t,x,u) dt = F(t,x,u) ■ At 

i 

J{t ,x) = max [f- At + J (J + At , x + Ax)] jLa <uicj 



u eU 



J(t + At , x + Ax) - J(t , x) + At + Ajc + 

dt dx 



d J d J 

t J(t,x) = max [FAt + J(t,x) + At + Ajc + •••] 

dt dx 



__, a J aJ Ajc , ft 
max I Z 7 + — + — ■ — + •••] = 
dt dx At 

lij< lim ~ = x\t) = g(t,x,u) jSJ 

Ar->0 A/ 

= max [F(f,x,u) + ^--g(t,x,u)] ... (1) 
jVt ' ''tij . (Bellman's Equation) jl_Uj 4-J jU*j < (1 ) 4_}^UXl <_a j_juj 

01 (1) i^(jrtjj«'iTb I it i U — x' o\ ^j-aj 



r , x dJ , dJ., 

max [F(t,x,u) + x' + — ] = 

*' 5jc dt 



(2) 



(2) aJjUII 2L (j-^l J*.b jl>. JS3 Jt' ^1 4^Jb 4^>>J» 4 iil M.tl j^Lj 



ten 




d -L + d l. = o ... 0) 

dx' dx 

F+ ^1. X '+^L = ... (4) o£<ui*3 
dx dt 

dx dx 

± (F ) + *IZ . ^ + • ^ = ... (5) 

rf/ x '' dxdt dt dx 2 dt 

dx dx dt 

r ay <n. ' + ^ — + g2J = o 

F * + x ' ■ 3x~ + dx 2 ' d* 3jc 3r dx 

F +(F. +J ) + T • X + * a = W 

ol g-lj (6) « (3) o^j 



' a* 1 ar dx 



I . + ^!L = -F, ...(7) 



dx 7 dt 6: 



jl gall (7) i (5) j>4J 



jF - -L F x , = 



t ^,) = X 1 a(f ) = 4> < i = f(^ + A'x)df - (^1 x \ - 4,* ) 




PL _ dJ 
dx dx 



... (8) 



i_ U o>£> L*aJc£.j i 4_iIju1I 4 UiTi <_£j^>- ^^SUa < 4 j 11 «5U o^-o^ 1 SjlcLs uau>j 

H(t,x,u,X) - F(t,x,u) + lg(t,x,u) 



= F(t,x,u) + — -x' 

ox 



(9) 



-dJ __, dJ s 
— — = H(t,x,u,—) 
dt ox 



^VL^j (jL*Jj 4JjLl* * ."""J 
... (10) 



I jj < ^j^iU — o>^*^ aJjUua ^ (10) AJjUXIj 



— (— ) = — (J/(/,x,ii,— )) 
ca 9f or <3jt 



-a 2 j 
a*ar 



a// a# 

dx + 



yOXj 



a_ 

dx 



dH_ dH_ aV 
dx dX dx 2 



(jLa 4j If j 



-a// 
ax 



d 2 J dH d 2 J 
+ 



... (11) 



d.dJ. d 2 J dt d 2 J dx 

X - — ( — ) = + — 

dt dx dxdt dt dx 2 dt 



dtdx dX dx 2 

... (12) 



aV a 2 j , 

+ r- • * 

a*ar a^ 2 



dH 
dX 



= g(t,x,u) = x' o' (9) 



av _ av 
a*a/ a/a* 



0t E si ? (12) < (ll) ( >.j4^j 



>0A 



4- 



A , = _Stf t dH =x , 
etc ' dA 



, x'(t) = g(r, x, «) ^ = \F(t, x, u)dt ^\jJ\ J^o ^(j « (0 <**^< 

'o 

. ^.^a v> r <^^l.-^u^oLljt/_g1. ,C4-uaa^-^^a-Uj t <t<t x ix(t ) = x 



= jF[r,x(f,«),"(0] * 
d 



t>t n * cfr 



*(',") = g(/,x(/,M),«(0) 



x(/ ,u) = x 



... (1) 

... (2) 



i-y(„ + £ A«) = — V[/,x(/, M + fA ")>"W +£AaW1 * 



'V 3 



f_F[f,x(f,H+£Att),w(0 +£Am(01 * 
J 5e 



= + e Am), « + £ Au] — x(t,u + £ Au) 

+ F v [t, x(t, u+ e Am), u+ g Am]A« 
^< X = m(x) + fA«(x) « X = x(f,w + £Aw) 




d Nl X(t,u +eAu)-X(t,u) 

— X(t,u +eAu)\ e _ = hm— ^ ^-^ 

de £ 

= X'(t,u) 



8 

dS36J(u,toi)= \{F x [tX^)Mt)]—X(t,u+sAu)\^ +F u [t,x(t ,u),i4t)\Au(i)}dt ... (4) 
U? (2) ia^UJ! L*jjl>o JT = X(/,u) < Aw A UrTA\ Jljoll 

... (5) 
o>j (3) < (2) j^j 



FJ/,x(r,w),"(OJ = (*,*,«)] 




X(/,w +eAw) = |e' -5(r) Aw(r) ...(6) 



^(0 = Q x [t,x(t,u),u(t)] = —Q(t,x,u)\ x=x(ltt) 

OX u=u(t) 

5(0 = g„ [t,x(t,u),u(0] = — g('.^«)L-x(/,«) 

<7W u=u(/) 



<yj[ii,Au] = ][F x -je T B{z) ■ An(r) «/r + FJ 



(7) 



dt 



= J{F u M(/,«),w(0] + jFJr^r,!/),^)] <? r 5(0 dr}Au(f) dt 

to T 

lij * SJ(u,Au) =0 ^ 

f 

F u [t,x(t,u)M0] + f^(0 ^[r,x(T,H),«(r)] e"!^ " dx = ... (8) 



4- 



dt 



(F ) 


+ 


(F u ] 


9, = F x 


(9) 













t \- r- UU* 
^tjdi ^3vi ,*s^iJi j^jt 

K 

J[u] = \x 2 {t)Cos 2 u(t) dt 



jf(0) = - i 0<t<n « — = 

2 «« 2 

J*Jt 

X = X(r,w) u'Uj 

x(0) = l , ^ = ^1 ...(!) 
2 2 



1 V 

Z (f, m) = — + - j sin u(t) dt 



2 2 



bi » g(r,x,w) 



F(t,x,u) =x 2 Cos 2 u J^J. U C<_»13 (*-SL>o tfV 



i F v = -2X 2 it,u) Cos u{t) Sinu{t)c F z =2 x(t,u)Cos 2 u(t) 

Cos u(t) 

g, = <g» = — ; — 



F„(t x ,x(t x , "),"(',)) = < -T 





(f] 

u 


+ 




dt 









9,= ^, 



(/ = 7i L«jH* < X 2 5m w Cos u = < — 



2X 2 Cosu Sinu 
Cos u 



+ 0^2XCos 2 u 



/ = 7t UjO* < X 2 Sin u Cosu = 0i2^{X 2 Sin u) + XCos 1 u = ... (1) 

at 

OLi'Uifcj < X[2^(I5/««) + l] = o'^(2)'(l)o-«J 
oli^JlULy j 2^-(Xsinu) + l = 



t 2 n 2 



X(t)=Jct-- + 4 



(4) 



^^ftSVI (*SL>OJI Alb (jl JL>o (4) « (3) j-«3 



jl a*o (5) < (4) j^j 



0<t<n t X 2 Cos 2 u = ^--c 2 +2ct 
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Ut i J[u] = }X 2 Cos 2 u dt 



J v 4 2 4 o 



■I 



. c = — L«jua i (extremum state function) X(f) AJt^lJ 



(maximum principle) ^^^\ i-will (Lu*) 3a*t3 *>>J1 1:1* 4. jj^lu, 
1 j ^ < J-UVtft (^Ut uL» 7) tn i f-, j^J Jui^o c^Hj ' j^ 1 ^-** 1 

J[«]= J {t,x,u)dt ... (1) 

'0 

, «(0 = (a,(/),...« B W) e R"'^ (x.Wv.^We R" 

, dx i 

,) | ,^t,a^^< .~-.-a tu u (t)<=U i i = l,...,n t x j = — = Q,{t,x,u) 




3 ■ . ai .^-^ "^j f,JC,u ^ J^J d U- KMt b 3 \ t nT , » J1>a Qj(t,x,u)i 

n 

# (t, x, u, X) = F(t, x, w) + x 4 9 / C> *> ") 
SdLxLoJI <^J . j-SUi L_* "(0 < x (0 iL ^l ^J-^li 

. (Manifolds) LjUlaJl SjjljLL* jl 



" Maximal principle ♦ t^*!**)! i*^! Sj^L3 " ^ t- 1 ai» 




H(t,x,u,X)>H(t,x,u,X) <jlisU w^Jk^L. H j^So (^) 

. u e u J£J 



A_C^<W>w4 jl L_<W= t U = il(t) J-JLfc i i mVl dM— C.I r< \". J_^3 j| ,U 

(j) JLwli^Ull (^a-uJj < — = jlU^a (y-iajUJI JSLULi jdULaU AJjLm 

(Boundary or <u_^l j^VI jl 2_jjl>J1 daj^SJb 2w Ujjlc 

j»l jl>JLu/I iSLLcUlt dj^j 4JLui^» i^l J^>J <jLa transversality conditions) 

. (0,0) Jjj» j-ii>j ^1 (jr}j^« j-uaj <>» JLcluSU (jSL** j5| 4JLuu» ^jfcj 

'i 

x' 2 =g 2 (t,x l ,x 2 ,u) = u < =g l (t,x l ,x 2 ,u) = x 2 < min \dt 

<o 

|«(0|<1 t ^Yl^a ia>M (»SL*J «Ub UEU Llup. 

^3VI <^ai£i iUL-il jt J~*V 

F(t, x x , x 2 , u) = -1 < max J = jF(t, jc, , x 2 , u)dt 



4- 



^__a^ = ( ^ = dH = Q 

fl c 2 -c,f>0 

^^]^«(o=(_ 1C2 _ C]/<0 '4 

Z>^< x 2 =t + b \'4 JSJ t x 2 (0 = l ui^'"=l 




no 




JA^VI ^ l —jL = u = \ Ud^ ^Vl ^Jl (*, , jc 2 ) atiSitt ulj^oj 

</» u-* (0,0) J_*>V| ±±Z> J\ Jj_^U jU^^^alj < ^ = „ = -i 

dt 




( ) ) u 

(y- n)jSL4 



jLa i (u = 1 ,x = A) i (>- n) JSL^ < ^ ^ JL^Vl ^ i^J^Jl c<Jl^a liLi 

1 2 

x 1 =--x 2 +/m ^aLSIl j-Liitl j.Lai ^ dJ ^^Hl , ,1Wm J^YI 

. (Bang- bang control) - dUi-Ui ,*SL>o 

: y- t- n 

^itoU iUjJ ^c^l JL>-j1 

m 



x > = g{t , x ,u) = x 2 -u( t )-3x . J[u]=)e- 2 'u\t)dt 



dx 



^4Jbj« A' = ~ = -^(2x-3) 

... (1) 



2x = 3- T 



5// 



-21 



X = -Aue- 2 ' +2e- 2 'u' 



1' u 

±- = -2 + — 



„' = (5 - 2x)« 



(2) 
(3) 

(4) 
(5) 



^g3ii(4)«(l)o-J 



«' = 




(r- i)jsLa 



nv 



lib JL*.j1. ^Lmll L. iuf. t x\ =U , x[ =X 2 jUl.iUXt i rt . rtl {\) 

J^j JJ1 ±.B(0,0) Jl A Haiill ^J^i <A* u(t) j *S^Oil 

. |w(0! ^ 1 i^P" 



J_21 J = -j(x 2 +u 2 )dt ^JIjlJI J^>o ^Lil w (»S*iJI 4Jb (t) 

. x(0) = e V5 (l + V2) + e" VI (-l + V2) < 0<r < 1 < jc' = — = -x + w 

a? 



■I 

<*„(/) = *„ 4 x' ^g(t,x,u) = u iAj^A i min J = jdt (r) 



.x' = u i J[u]= JVl + w' 2 * ^J^uJJil^jt (0 



Ui V C^SUj L» ^1 J ^|jJt J**o^il u(t) jl^jI (o) 
£ if <; 1 i = (x, + x 2 )(1 - u) i x\ = (x, + x 2 )« * 4«1 = \e~ M (*, + * 2 )«* 



1 

|t/| <, 1 . x(0) = x o < x(l) = x, i 0<t<\ i x'(t) = u t J[u]= \u 2 {t)dt 




--. v : 

. 'L. *£=>y x' 2 = -x x + u i x[ - x 1 (jlUiUXI (JuaJ (v) 

Uok < (0,0) ^) ^4 ilaij cy* c^e*^ 1 ^h*^ 6^*" <>»j J 31 

• l«l si 

'i 

Uolt J[m] = J<# ^UAJ 2u^3 J31 jl>j1 (a) 

'2 

x(t ) = x t \u\<l < x^=« 2 t x[=u 
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♦ Symbols j^jiljjj^ + 

ju^JI^UlU (j^u-tl) i^duiaSri *L2mH R 2 = | e R} 

l^^il^juiaVULbiJI R" = {(i |v ..,xj|x, e R} 



J_SJ;j [a, b] aJL^IXI JtjaJI *L»iiii 
II/ = max o^Lj f g £ 

" " x e [a ,6] 



/■ = \,...,n c f (r) L*iU£ " D„ 

. [a, ft] ^ 




Inverse Problem 
Reflection 
Refraction 
Joining 



(0 
vt 

vr 



Variation 
Second Variation 
Multiple Integrals 
Control 

Optimal Control 
Admissible Control 
Feasible Control 



uv 

UA 
UA 
\»> 



Function 
Functional 
Linear Functional 



Continuous Functional 


n 




Functional of Several Variables 


n 




The Hamiltonian 


t. 




Weierstrass Excess Function 


\r\ 


(j^ljlui j^iJ d^LjjJI 3Jb 


Control Function 




<*5Lxj«Ub 


State Function 


UA 


4JL>JI j| j-ii»>5l <Ub 


Piece wise Continuous Function 




* * * 
(\e.^>. bj^>>) Ij^Uiia 4 hrtl 4 Alb 




( u£ll ^yl ) 




Terminal Surface 






Cycloid 


i 




Necessary Condition 


U 




Sufficient Condition 


m 




Euler's Condition 


\A 




Legendre Condition 


\\v 




Jacobi Condition 






Weierstrass Condition 


\r> 




Transversality Conditions 


AV 




Subsidiary Conditions 


or 




Reflection Condition 






Refraction Condition 







Corner Conditions 

Erdmann - Weierstrass Condition 

Arc Length 
Kinetic energy 
Potential energy 



m 
(J.) 

T 

rt 

VT 



Vector Space 
Metric Space 



(J) 



Local Maximum Value 
Local Minimum Value 
Extremum Value 
Extremal with Corners 
Proposition 
Stationary Value 
Critical Value 
Hamilton Principle 
Optimality Principle 



(3) 

n 
u 

\\ 
u 



\V0 



Maximal Principle 



Geodesies Problem 
Variation Problem 
Isoperimetric Problem 
Brachistochrone 

Norm 
Theorem 
Open Set 

Euler - Lagrange equation 
Canonical equation 
Euler - Boisson equation 
Lagrange's Multiplier 
Plateau's Problem 
Mean Curvature 
Laplace equation 
Schrodinger's equation 

Hamilton Operator 
Energy Operator 
Quantum Mechanics 



<?■) 



T 




Y 


-i • — ♦ * 1 1( * 


r 




r 




i 




w 




\r 


<S_>. j" ^ a 4£JX^>«"* 


r<\ 












or 








v. 




v> 




VY 




VY 




VY 




VY 





Hamilton - Jacobi equation 






Smooth curve 


u« 




Proper Field 


\r> 


i^oii- (jZ*) 


Central Field 


\ri 




Control Variables 


UA 




Target Set 






Optimal Trajectory 


\oy 






(o) 




Constant end points 


\\\ 




Moving Points 






Autonomous System 








